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Abstract. We prove that any isomorphism : Mq ~ M of group measure space 
III factors, Mo = L°°(Xo,Aio) xi^o Go, M = L°°{X,ti) G, with Go an ICC group 
containing an infinite normal subgroup with the relative property (T) of Kazhdan- 
Margulis (i.e. Go w-rigid) and a a Bernoulli shift action of some group G, essentially 
comes from an isomorphism of probability spaces which conjugates the actions with 
respect to some identification Go — G. Moreover, any isomorphism of Mq onto 
a "corner" pMp of M, for p € M an idempotent, forces p = 1. In particular, all 
group measure space factors associated with Bernoulli shift actions of w-rigid ICC 
groups have trivial fundamental group and any isomorphism of such factors comes 
from an isomorphism of the corresponding groups. This settles a "group measure 
space version" of Connes rigidity conjecture, shown in fact to hold true in a greater 
generality than just for ICC property (T) groups. We apply these results to ergodic 
theory, establishing new strong rigidity and superrigidity results for orbit equivalence 
relations. 



0. Introduction. 

We continue in this paper the study of rigidity properties of isomorphisms 
9 : Mq ~ M of crossed product IIi factors initiated in ([Po4]), concentrating here 
on the "group measure space" case, when the factors Mo,M involved come from 
free ergodic measure preserving (m.p.) actions of groups on probability spaces. 
Similarly to ([Po4]), we assume the "source" factor Mq comes from an arbitrary 
free ergodic measure preserving action cxo of a "mildly rigid" group Go (i.e. having 
a "large" subgroup with the relative property (T) of Kazhdan-Margulis) , while the 
"target" factor M comes from an action a satisfying good "deformation+mixing" 
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properties (typically a Bernoulli shift). Our main result shows that any isomor- 
phism 6 between such group measure space factors Mq, M essentially comes from 
an isomorphism of probability spaces that conjugates the actions cro,c, with re- 
spect to some isomorphism of the groups Go,G. In particular, any isomorphism 
of the probability spaces that takes the orbits of ctq onto the orbits of cr (almost 
everywhere), must come from a conjugacy of the actions ctq, cr. This establishes new 
strong rigidity and superrigidity results in orbit equivalence ergodic theory, which 
are thus obtained through a von Neumann algebra approach. 

The factors Mq,M come from the following data: ao : Gq ^ Aut(Xo,/Uo), 
o" : G — > Aut(X, //) are free ergodic measure preserving (m.p) actions of count- 
able discrete groups Go,G on standard probability spaces (Xo,^o), (-^, A*); Mq = 
L°°{Xo, iJ,o) xio-Q G05 = L°°{X, ji) XrjG are their associated group measure space 
(or crossed product) IIi factors, as defined by Murray and von Neumann ([MvNl]). 
In addition to being free and ergodic, (a"o, Go); (c"; G) are assumed to satisfy: 

(*). Go is w-rigid, i.e. it contains an infinite normal subgroup Hq with the relative 
property (T) of Kazhdan-Margulis (in other words, {Gq,Hq) is a property (T) pair, 
see [Ma], [dHV]). We also consider the class wTq of groups Go containing subgroups 
H G Go with the properties: (a). {Go,H) is a property (T) pair; (6). H is not 
virtually abelian; (c). H satisfies a "very weak" normality condition in Gq (see 
7.0.3). The w- rigid groups will always be required ICC (infinite conjugacy class), 
while the groups in the class wTq need not be ICC. 

Infinite property (T) groups are both w-rigid and in the class wTq. The groups 
Z2 X r, for r C SL{2, Z) non-amenable (cf [Ka], [Ma], [Bu]) and the groups x T 
for suitable actions of arithmetic lattices F C SU{n,l), SO{n,l),n > 2 (cf [Va], 
[Fe]) are all w-rigid, but not in the class wTq. Any product of a w-rigid (resp. wTq) 
group with an arbitrary group is still w-rigid (resp. wTq). 

(**). cr is a Bernoulli shift action of an ICC group G. Thus, cr acts on the probability 
space (X,/i) = Ug{Yo,iyo)g by crg{{xh)h) = {x'f^)h, where x'f^ = Xg-i^^^ih. The key 
attributes of Bernoulli shifts that we actually need deformation property 

called sub s-malleahility (Definition 4.2 in [Po4]); a strong mixing property called 
clustering (Definition 1.1 in this paper). Thus, all statements below that require 
an action to be Bernoulli, equally work with the assumption "sub s-malleable and 
clustering" . 

The results we prove concern the structure of isomorphisms 6 : Mq ~ M between 
factors as above. More generally, we consider isomorphisms between amplifications 
of Mo,M by positive real numbers ([MvN2]): If AT is a IIi factor and t > then 

the amplification of A" by t is the (isomorphism class of the) IIi factor A"* =^ 
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pMnxn{N)p, where n > t and p is a projection in Mnxni^) of normalized trace 
t{p) equal to t/n. Thus, if 1 > t > then iV* is a "corner" pNp of iV, for p e AT a 
projection of trace t. 

Any orbit equivalence (OE) of cro,cr (i.e. an isomorphism of probability spaces 
(XojUo) ~ {X,iJ,) which takes onto each other the equivalence relations 71^^,71^^ 
given by the orbits of (ao, Gq), (ct, G)) implements an isomorphism of Mq,M (cf. 
[Dy], [FM]). More generally, if y C X has measure jiiY) = t > then any 
isomorphism (Xo,/io) — which takes IZao onto the equivalence relation 

TV^ obtained by intersecting the orbits of a with Y implements an isomorphism 
Mo — In general, not all isomorphisms of group measure space factors come 
from OE ([CJl]), and OE need not imply isomorphism of groups ([MvN2], [Dy], 
[OW], [CFW]), much less conjugacy of actions. However, we have: 

0.1. Theorem (vNE Strong Rigidity). Let Mq,M he group measure space IIi 

factors arising from actions (cro,Go)) {'^iG) satisfying (*) resp. (**). If d : Mq ~ 

is an isomorphism of von Neumann algebras, for some 1 > t > 0, then t — 1 
and is of the form 6 = Ad{u) o 6'^ o 9^'^ , where: u is a unitary elem,ent in M ; 
0'^ e Aut(M) is implemented by a character 'y of G; 0^'^ : Mq ^ M is implemented 
by an isomorphism of groups 5 : Go — G and an isomorphism of probability spaces 
A : (Xq, fio) ~ (X, fi) satisfying a(6(h)) o A = A o aQ(h), V/i e Gq. 

This extremely rigid situation is in sharp contrast with the amenable case, where 
by Connes' Theorem ([C3]) all group measure space IIi factors L°°(X, /i) xi^- G are 
isomorphic, and by results of Dye ([Dy]), Ornstein- Weiss ([OW]), Connes- Feldman- 
Weiss ([CFW]) all (cr, G) are orbit equivalent. Instead, Theorem 0.1 is in line with 
the rigidity results established over the last 25 years in von Neumann algebra theory 
([Cl,2], [CJ2], [Po8], [CoHa], [GoNe], [Pol-4]) and orbit equivalence ergodic theory 
([Zi], [GeCo], [Po8], [Gal, 2], [Ful-3], [MoSh], [Hj], [PoSa], [Po9]). 

In fact, the terminology "strong rigidity" is borowed from ergodic theory, where 
"strong orbit rigidity" ([Zi], [Ful]), or "OE strong rigidity" ([MoSh]), designates 
results showing that within a certain class of group actions orbital equivalence au- 
tomatically entails isomorphism of the groups and conjugacy of the actions. While 
deriving the same type of conclusion. Theorem 0.1 assumes an even weaker equiv- 
alence of actions than orbit equivalence (OE), namely von Neumann equivalence 
(vNE), i.e. isomorphism of the associated group measure space von Neumann al- 
gebras. Since Connes and Jones constructed examples of non-OE actions that give 
rise to isomorphic factors ([CJl]), vNE is indeed (strictly) weaker than OE. Thus, 
Theorem 0.1 can be viewed both as a "strong rigidity" -type result in von Neumann 
algebra theory, and as a new, stronger rigidity statement for ergodic theory. 

By applying this result to the case both actions are Bernoulli shifts and both 
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groups are ICC and either w- rigid or in wTq, one obtains a large class of group 
measure factors that can be distinguished by the isomorphism class of their group- 
data: 

0.2. Corollary. Let Gi he ICC and either w-rigid or in the class wTq and ai : 
Gi Aut(Xi,|Ui) a Bernoulli Gi-action, z = 0, 1. Denote Mi = L°°{Xij Hi) Xo-. Gi 
the associated group measure space IIi factors and = Mi®i3(£^N) the cor- 
responding IIoo factors, i — 0,1. Then Mq^ ~ Mq ~ Mi ctq con- 
jugate to CTi with respect to some identification of Gq ~ G. Even more so, if 
9 : ~ , then 9 is the amplification of an isomorphism 9q : Mq ~ Mi of the 
form 9o = Ad{u) o9^ o 9^'^, for some u G W(Mi), 7 G Char(G'i) and 5 : Gq ^ Gi, 
A : (Xo.jjo) ~ (Xi.iJi) satisfying ai{S{h))A = Aao{h), V/i G Go- 

At the Kingston AMS Summer School in 1980 A. Connes posed the problem 
of showing that factors arising from property (T) ICC groups are isomorphic iff 
the groups are isomorphic (see [C2]). He formulated the question related to his 
discovery that property (T) ICC groups G give rise to group factors L{G) with 
rigid symmetry structure ([CI]). By now, several results in von Neumann algebras 
([CoHa], [P08], [CSh]) and ergodic theory ([Zi], [CoZi], [GeGo], [GoNa], [Ful,2]) 
provide supporting evidence towards a positive answer to the conjecture (see V.F.R. 
Jones' comments on the "higher rank lattice" version of this problem in [J2]). 

Since L°°(Xj,//j) xip.. Gi, for ctj Bernoulli, can be viewed as a canonical "group 
measure space" -version of the group factor L{Gi), Corollary 2 can be regarded as 
an affirmative answer to a natural "relative variant" of the conjecture. This is best 
emphasized by re- formulating Corollary 0.2 as a "group factor" statement, by using 
wreath product groups. Thus, if we denote G = lP x G (the wreath product with 
"base" Z) then the group factor L{G) is naturally isomorphic to the group measure 
space factor corresponding to the Bernoulli shift action cr of G on T*^, and so we 
get: 

0.3. Corollary. Let Gi he w-rigid ICC groups and denote Gi = TP'' xi Gi the 
corresponding wreath product, i = 0, 1. Then L{Gq) ~ L{Gi) iff Gq ~ Gi and iff 
Go^Gi. 

Corollary 0.2 shows that all group measure space factors L°°{X,iJ,) Xcr G for 
G w-rigid ICC and a Bernoulli G-action have trivial fundamental group. It also 
reduces the calculation of the outer automorphism group of such a factor to the 
calculation of the commutant of a in the set of automorphisms of the probability 

space (X, /i), Auto(fT, G) = a{G)' n Aut(X, //): 

0.4. Corollary. Let G he ICC and either w-rigid or in wTq. If a : G ^ Aut(X, n) 
is a Bernoulli G-action and M = L°°{X,ii) G, M°° = M'^B{e^n) then M has 
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trivial fundamental group, ^(M) = {1}, and Out(M°°) = Out(M) = Auto(o-, G) x 
(Char(G') >^ Out(G')). Similarly, ^{TZa) = {1}, Out(7^a) = AutolcT,^) x Out(G'). 

The first examples of IIi factors with trivial fundamental group were obtained 
in ([Po2]; see also [Po3]). The key result which allowed this computation was 
a "strong rigidity" -type result similar to Theorem 0.1, showing that any stable 
vNE of two actions (cto, Gq), (cr, G), with cto satisfying a relative property (T) in 
the spirit of Kazhdan-Margulis and Connes- Jones ([CJ2]), and with G satisfying 
Haagerup's compact approximation property, comes from an OE of the actions. 
Thus, for the class HT of factors arising from actions satisfying both properties, 
all OE invariants (such as Gaboriau's cost or £^-Betti numbers [Gal, 2]) are in fact 
isomorphism invariants of the factors. Using the calculations of £^-Betti numbers 
in ([Ga2]) one derives that L°°(T^, A) x F„ = L(Z^ x F^) have trivial fundamental 
group and are mutually non-isomorphic for n = 2,3, .... Thus, the approach for 
calculating fundamental groups in ([Po2]) makes crucial use of Gaboriau's work in 
OE ergodic theory. 

In turn, the approach in this paper leads to a direct calculation of fundamental 
group of factors, through purely von Neumann algebra techniques, without using 
OE ergodic theory. Even more so, it provides new calculations of fundamental 
groups of equivalence relations, not covered by ([Gal, 2], [Ful,2], [MoSh]). 

We already pointed out that Theorem 0.1 implicitly gives an OE strong rigidity 
result. We mention two more OE rigidity results that we can derive from 0.1 (see 
Section 7 for more applications). The first one concerns embeddings of equivalence 
relations and it can be viewed as a Galois-type correspondence between w-rigid 
subequivalence relations of a Bernoulli G-action and w-rigid subgroups of G: 

0.5. Theorem (OE Strong Rigidity for Embeddings). Leta : G ^ Aut(X, //)| 
be a Bernoulli shift action of an ICC group G. If ao is a free ergodic m.p. action of 
a w-rigid ICC group Gq (or of a group Gq G wTq) on (Xo,/xo) and Aq : (Xq, /Uq) — 
(X, fi) satisfies Ao(7^cro) C IZ^j then there exists an isomorphism 5 : Gq — Gq C G 
and a e Inn(7?.o-) such that A = a o Aq satisfies A o ao{h) — a{6{h))A, Wh G Gq. 

If we restrict ourselves from w-rigid to Kazhdan groups, one can deduce from 
Theorem 0.1 an "OE rigidity" result where all conditions on the actions and on the 
groups involved are on just "one side" , a type of result labelled "OE superrigidity" 
in ([MoSh]): 

0.6. Theorem (OE Superrigidity). Let G be an ICC property (T) group and 
a : G ^ Aut(X, /i) a Bernoulli shift action. Let Go be any group and ctq : Go — > 
Aut(Xo,/Uo) any free m.p. action of Gq. If Aq : (Xq, /iq) ~ (Y, ji^y) satisfies 
Ao(7?.o-q) = , for some subset Y (Z X of positive measure, then Y = X and 
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there exist a e Inn(7^o-)j S : Gq G, A : {Xq, hq) ~ (-^, A*) satisfying a{d{h))A = 
Aao{h), Mh e Gq, such that Aq = a o A. In particular, ifYdX has measure 
7^ IJ-iy) < 1 then the equivalence relation TZ^ cannot be realized as orbits of a free 
action of a group. 

OE rigidity results were pioneered by Zimmer in the early 80's (see [Zi]). Furman 
revived this direction, establishing further, sweeping OE rigidity results for classic 
actions of higher rank lattices ([Ful]). Most recently, Monod and Shalom proved 
surprising "OE strong rigidity and superrigidity" results for a completely new class 
of groups (e.g. products of torsion free non-elementary hyperbolic groups) under 
very general ergodicity conditions on the actions ([MoSh]). The above applications 
bring additional insight to this fascinating subject. 

A few words on the proofs: It is the sub s-malleability (+ mixing) condition 
on a and the "weak property (T)" (w-rigidity) of Go that were used in ([Po4]) to 
prove that any : Mq ~ pMp as in Theorem 0.1 can be perturbed by an inner 
automorphism of pMp so that to take the group von Neumann algebra L{Go), 
generated by Gq in Mq, into a corner of the group von Neumann algebra L{G), 
generated by G in M. This preliminary rigidity result is crucial for the analysis in 
this paper. It reduces the proof of Theorem 0.1 to settling the case Mq — pMp, 
p e L{G), L{Gq) C pL{G)p. We in fact prove a much more general statement, 
which only requires a clustering, letting G, Gq, ctq arbitrary: 

0.7. Theorem (Criterion for Conjugacy of Actions). Let cr : G — > Aut(X, /i), 
(To : Go — >■ Aut(Xo, /Uq) he free, ergodic, m.p. actions. Denote A — L°°{X,iJ,), 
M = A yi^ G, Aq = L°°(Xo,/Uo); Mq = Aq >^<^„ Go- Let L{G) C M (respectively 
L{Gq) C Mq) be the von Neumann subalgebra generated by the canonical unitaries 
{ug}g^G C M implementing the action a (resp. {u^}heGo C Mq implementing ao). 
Let also p e L{G) be a projection and assume: 

(a) , a is clustering. 

(b) . pMp = Mq, with L{Go) contained in pL{G)p. 

Then p is central in L{G), t{p)~^ is an integer, pL{G)p = L{Go) and there exist 
a normal subgroup K <Z G with \K\ — t{p)~^ , an Ad{G) -invariant character k of 
K, implementing a trivial 2-cocycle on G/K, and a unitary element u e pL{G)p 
such that: 

(i). p = \K\~^Tik€KK{k)uk and UkP = K{k)p,yk & K . 

(a). uAqu* = A^p, where A^ = {ae A \ ak{a) = a,\/k e K}. 

iiii). {ugp I g G G} = {uu^u* \ h e Go}, modulo multiplication by scalars. More 
precisely, there exist an isomorphism S : Go — G/K, a lifting G/K 3 g ^ g' & G 
and a map a : Gq ^ T such that Ad{u){u^) = a{h)us(j^yp, V/i e Gq. 
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// in addition G is assumed ICC then K — {e}, p — 1 and d is an isomorphism 
5 : Go ~ G. 



Note that this result holds true even in the hyperfinite case, i.e. when Gq, G are 
amenable. In fact, if we apply it to the particular case Mq = M = R, G = Gq 
abelian, p = 1 and L{G) = L{Gq) then conclusion [ii) alone gives an affirmative 
answer to a recent conjecture of Neshveyev and St0rmer in ([NeSt]), but for the 
more restrictive class of clustering actions (e.g. Bernoulli shifts) rather than just 
weakly mixing, as formulated in ([NeSt]). 

This Conjugacy Criterion is stated as Theorem 5.1 in the text. Its proof, which 
occupies most of the paper (sections 1-6), splits into two parts, using rather different 
techniques: Part I consists in proving a "Cartan Conjugacy Criterion" (Theorem 
4.2 in the text), showing that assumptions (a), (6) above imply Aq can be unitary 
conjugate onto a corner of A. The proof, which takes Sections 1-4, utilises (A.l 
in [Po2]), ultrapower algebra techniques and a careful "asymptotic analysis" of 
Fourier expansions TigUgUg for elements in Ayi„G. It is the only part that uses the 
clustering assumption on a (see 1.1 below for the definition of clustering). 

Part II of the proof of 0.7 consists in showing that if in addition to (a), (6) we 
also assume Aq can be unitary conjugate onto a corner of A, then (z) — {iii) follow. 
This is Theorem 5.2 in the text. In fact, instead of (a) (i.e. the clustering condition 
on 0"), for this result we only assume a and ao mixing. The proof takes Sections 5 
and 6 and uses "local quantization" techniques, in the spirit of (A.l in [Po9]). 

Our results leave unsolved the problem of showing that a group measure space 
factor arising from a Bernoulli action of an ICC property (T) group has ALL its 
Cartan subalgebras unitary conjugate. Or at least showing that an isomorphism of 
group measure space factors Mq, M arising from actions (a"o, Gq), (ct, G) is sufficient 
to imply that if G has (T) then Go has (T). If true, then Theorem 0.1 would also 
imply a "vNE superrigidity"-type result for factors, similar to the OE superrigidity 
in Theorem 0.6. 

The present article is an outgrowth of a paper with the same title and references 
( Imath. OA/04071371) that we have circulated since July 2004 and in which we only 



proved that an isomorphism 6 : Mq ~ with Mq, M satisfying (*), (**) comes 
from an orbit equivalence of cto , cr* . To derive from that the triviality of the funda- 
mental group and rigidity results for factors, we had to make additional restrictions 
on the groups and rely on OE rigidity results of Gaboriau ([Ga]), Monod-Shalom 
([MoSh]) and ([PoSa]). All these applications are now consequences of the "vNE 
Strong Rigidity" (0.1) and are shown is a greater generality. 
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1. Clustering properties for actions 

The purpose of the first three sections is to lay down the necessary technical 
background for the proof of the Cartan Conjugacy Criteria in Section 4. 

Thus, in this Section we define the "clustering" property for actions of groups 
and a related notion of "clustering coefficients" for sequences of elements in the 
corresponding cross-product algebras. The considerations we make in this Section, 
as well as in Sections 2 and part of 3, concern actions of groups by trace preserving 
automorphisms on arbitrary finite von Neumann algebras {N, r) (r denoting the 
fixed faithful normal trace on N). Starting with 3.5 though, the finite von Neumann 
algebra {N, r) will always be abelian, a fact that will be emphasized by using the 
generic notation A instead of (possibly with indices) . 

1.1. Definition. Let a : G ^ Aut(A^, r) be an action of a discrete group G on 
a finite von Neumann algebra (A^, r). A pair (A^*^, {S^jn) consisting of a dense *- 
subalgebra A^'' C A^ and a decreasing sequence of von Neumann subalgebras {-Bn}n 
of A/" is a clustering resolution for a if it satisfies the following conditions: 

(1.1.1) . For all y e there exists m such that Es^iy) — T{y)l; 

(1.1.2) . For all m and all y E there exists F C G finite such that o-g{y) E Bm-, 
ygeG\F; 

(1.1.3) . For all m > 1 and all ^ e G there exists n such that ag{Bn) C Bm- 
An action a is clustering if it has a clustering resolution. 

1.2. Proposition. 1°. If a is clustering then for any n > 1 it satisfies the 
following n-mixing condition: 

(1.2.1) lim \T{yo(7g^{yi)...(7g^{yn)) - T{yo)T{(7g^{yi)...ag^{yn))\ = 

for all yo.yi, ...,yn e N. 

2°. If a is either a commutative or a Connes-St0rmer Bernoulli shift action then 
a is clustering. 

Proof. 1°. By (1.1.1), and Kaplansky's density theorem, hm \\Eb„{x) —t{x)1\\2 = 
0, Vx e N. Thus, for ell x E N we have lim \t{Eb„{x)x') - t{x)t{x')\ = 

n— »oo 

uniformly in x' E {N)i. Letting x = yo, x' = (Tgi{yi)...(Tg„{yn) and applying 

(1.1.2) , it follows that 

lim r{yoag,{yi)...ag^{yn)) ^ T{yo)T{ag,{yi)...ag^{yn)). 
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2°. Let (Ao, <y?o) be a von Neumann algebra with discrete decomposition. Assume 
a is the (A/q, <^o)-BernouUi shift action of G on (TV, y?) = (8) (Ao, 'Po)g given by 

g&G 

(7h{®gXg) — '^gx'g, where x'g — Xf^-ig. It also acts on the centralizer algebra 
N = J\^^p, by restriction. 

Let Sn be an increasing sequence of finite subsets of G such that UnSn — G 
and denote hy Bn = ® (■A/o,<^o)g5 where = G \ Sn- We claim that = 

Mip n (8)(,(A/'o, <^o)p C N (algebraic tensor product) and Bn = M^p fl Bm n>l, give a 
clustering resolution for the action cr of G on A?^ = AAy,. Indeed, condition (1.1.1) is 
clearly satisfied by the definition and by the fact that gh E S'^ as g ^ oo, \lh & G. 

To check (1.1.2) note that if j/ G A"^ n ® (Ao, Vo)gi foi" some large enough n, 

g&Sn 

then for any m, crg(|/) e -B^ Qs g ^ oo. 

To show that (1.1.3) is verified, consider the weakly dense subalgebra = 
Bn n of Bn and note that since UnSn — G, we have g~^Sk C Sn (equivalently 
g{S^) C S^) as n — > oo. This implies that ag{B^) C B^ as n ^ oo. But for each n 
for which we have the above inclusion we also have ag{Bn) C B^. Q.E.D. 

We denote hy M = N >icr G the cross-product von Neumann algebra associated 
to an action a : G ^ Aut(A, r) and by {ug}g C M the canonical unitaries imple- 
menting the action a. Also, we denote by L(G) the von Neumann subalgebra of M 
generated by the unitaries {ug}g. 

Let be a free ultrafilter on N, also viewed as a point in the Stone-Cech compact- 
ification of N, a; e N \ N. Note that a subset F C N in the ultrafilter lo corresponds 
in this latter case to a neighborhood of the point uj in the compact set N. 

As usual, given a finite von Neumann algebra {B,t) we denote by {B^,t) its 
ultrapower algebra, i.e. the finite von Neumann algebra i°°{N, B)/I^, where is 
the ideal of elements x = {xn)n ^ ^°°(N, B) with t{x*x) = 0, the trace r = r^^ on 
£°°(N, B)/X^ being defined by t((6^)^) = \imT{bn) — 0. For basic properties and 

n— >a; 

results on ultrapower algebras see ([McD]). 

We often identify B with the subalgebra of constant sequences in B'^ . 

1.3. Definition. Let a : G ^ Aut{N, r) be a properly outer action with clustering 

resolution {N^ , {Bk}k)- A sequence {xn)n G £°°{N,M) has clustering coefficients 
with respect to (A^*^, {Bn}n) (and to u) if > and Vm > 1, 3V G uj such that if 
Cfe denotes the orthogonal projection of L^{M) onto L'^CEgB^Ug) then ||e^(a;„) — 
XnlU < Vn e V. Note that if a; = {xn)n has clustering coefficients then any 
element in a; -|- also has clustering coefficients. Thus, this property passes to 
elements in = i°°{N, M)/I^. 
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1.3. ' Notations. We denote by X the set of sequences {xn)n ^ £°°(N, M) with 
clustering coefficients. We still denote by X the image in of the set of sequences 
with clustering coefficients. Also, we denote by y the set of elements {xn)n in 
with the property that lim ||£^jv(a;n'*^g)||2 = 0, V^r e G. 

n—>-uj 

We denote by N'^ G the von Neumann siibalgebra of M'^ generated by 
and the canonical unitaries Ug,g G G (regarded as constant sequences in M"^). 
Also, we view the group von Neumann algebra L(G) — {ug}'g as a subalgebra of 
M'^, via the inclusion M C M'^ . 

1.4. Lemma. 1°. X,y are vector spaces. 

2°. // {x^}k G X is convergent in the norm \\ {{2 to an element x e M'^ then 
X & X. Also, the unit ball of X (resp. y) is complete in the norm \\ II2 given by 
the trace r on M'^ . 

Proof. 1° is trivial by the definitions. 

Since M'^ is a IIi factor ([McD]), {M'^)i is complete in the norm || II2. Thus, 
the completeness of {X)i follows from the first part of 2°. 

To prove the first part of 2°, let e > and m > 1. Then there exists k such that 
llx — a;'^||2 < s/3. Thus, if x'' — {x'^)n, x — {xn)n, then there exists a neighborhood 
V' of oj such that \\x^ — Xn\\2 < £/3, Vn e V. But since x^ e X, it follows that 
there exists a neighborhood V" of uj such that ||em(£n) ~ ^n\U ^ ^Z^; ^ 
Hence, if we denote V = V' (1 V" then for n e F we have: 

ll^m('^n) •^n||2 ^ ||6m('^n) ^m('^n)ll2 
+ hm{xi) - X^h + ll^n - ^nh < 3^/3 = £■ 

This shows that x E X. 

The proof that y n (M'^)i is complete is similar. Q.E.D. 

1.5. Lemma, y ^ M"^ Q {N^ x G). Equivalently, if x e then x e y iff 
EN^xoix) = 0. Also, L{GY f\y = L{GY e L{G). 

Proof. This is trivial by the definitions. Q.E.D. 

2. Multiplicative properties of clustering sequences 

Unless otherwise specified, throughout this section a denotes a clustering action 
of G on {N,t) with clustering resolution (A^'^, {S^}^), as in Definition 1.1. Also, 
X denotes its associated set of sequences with clustering coefficients, as in 1.3'. We 
prove here some multiplicative properties for X. 
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2.1. Lemma. 1°. A" n A'"'*' is equal to the von Neumann algebra HmB'^. Also, 
2°. X is a L{G) - L{GY bimodule. 

Proof. 1°. We clearly have n^i?^ C A* fl A^'^, by the definitions. Conversely, if 
X = ixn)n G belongs to X then for any m > 1 and any e > there exists a 
neighborhood V of uj such that \\EB^{xn) — Xn\\2 < e, Vn e V. But this implies 
\\Eb!^{x) — x\\2 < s and since e > was arbitrary, this shows that x e 5^. Since 
TO was arbitrary as well, x G HmB':^. 

Since for x = {xn)n £ M'^ we have Enu:{x) — {Ei^{xn))ni the last part is now 
clear by the first part and the definitions. 

2°. Let X = ixn)n eX andy= {yn)n e L{GY , with e {L{G))^yg. By the 
definition 1.3, for any m > 1 and £ > there exists a neighborhood \^ of a; and 
mUg) such that \\Xn ^n||2 ^ ^7 V?7- G V. But then T]^ — ^nVn 
belongs to L'^{'EBmUg) and WxnVn — Vn\\2 ^ E V. Thus, xy G X. 

To prove that A" is a left L(G)-module, by 1.4 it is sufficient to show that if a; G A 
then UgX G A", G G. By Definition 1.3, for any e > and any to there exist 
Too, V e uj and G L'^{T,gBmoUg) such that ag{Bjno) C and - ^^||2 < e, 
Wn G y. But then we have Ug^'^ G L'^(llgB^Ug). Thus, ||ttgXn ~ '^a^nlb ^ ^-i 
\/n G This shows that {ugXn)n ^ Q.E.D. 

2.2. Lemma. T/ie unitaries Ug,g G G, normalize X fl iV^ = H^i?^ and A fl 
(A^'^ XI G) is equal to the von Neumann algebra (0^5^) x G, generated by HmB';^ 
and {ug}g. Also, £'jv'^xig(A') C X. 

Proof. By (1.1.3) and Definition 1.3, we clearly have Ug{nmB'^)ug = HmBl^. 
By 2.1.2°, the *-algebra generated by H-B^ and {ug}g is contained in X. Con- 
versely, if a; = {xn)n G A n (A^"^ x G) then x = T,gEN^{xUg)ug and by 2.1.1° each 
EN--{xu*g), g eG, follows in A n A^"^ = HmB^. Thus, x G (n^S^) x G. 

To see that if a; G A then EN>^>iGix) G A, note that En<^ {xu*g)ug G (fl^S^) x G, 
so by taking finite sums and limits we get Ej^^y^oix) G L^((n^S^) x G), implying 



2.3. Corollary. If x G A", t/ien a; - EN^y^cix) G A fl 

Proof. By the last part of 2.2 we have x — EN^y^oix) G X while by 1.5 we have 



that En-'>,g{x) G (DmB^) x G C A". 



Q.E.D. 



x - ENwyioix) G 3^. 



Q.E.D. 



2.4. Lemma. X (ly is a right M -module, i.e., if x & X ny then xM C A" n 3^. 
In particular, {L{GY Q L{G))M C X. 
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Proof. By 1.4 it is sufficient to prove that xy e X d y for y e U {ug}g. The 
case y = Ug is trivial by the definitions. Let y e N^, \\y\\ < 1. Then clearly xy e y. 
To show that xy ^ X as well, let m > 1, £ > . By Definition 1.1 there exists 
F C G finite such that <Jg{y) G Bm, E G \ F. On the other hand, by 1.3, since 
X E X there exists a neighborhood F of a; so that ||eT„(£n) — a^nlb < £/2, Vn G 
Also, since x E y, V can be chosen so that if Xn = T,gyn,gUg, with y^^g G A^, then 
||j/n,3l|2 < e/SlFl-*^/^, Vn G V. All this entails the following estimates: 

\\em{Xny) - XnyWl = ^geG\\EB^{yn,9(^g{y)) - ^n.^^^ffly) II2 
= ^g^F\\EB^{yn,g(7g{y)) - yn,g(7giy)\\l 
+ Eg^G\F\\EB^{yn,g(^g{y)) " yn,g(^ g{y)\\l 
< AEg^FWynJll + ^geG\F\\{EBr„{yn,g) - yn,g)crg{y)\\l 

< £^/2 + ||e,7i(£n) ~ Xn\\2 < 

Thus xy G A". Q.E.D. 

While by 2.4 A" fl 3^ is invariant to multiplication by M from the right, the next 
result shows that multiplication from the left by elements in M L{G) takes the 
space X ny perpendicular to X: 

2.5. Lemma. {M e L{G)){X ny) ± X. 

Proof. Let x = {xn)n E X ny, y E M with El(^q^{ii) — 0. We have to show that 

limT«yXn) = 0, = {Zn)n E X. 
n—>-uj 

By linearity and Kaplansky's density theorem it is clearly sufficient to prove the 
statement for y of the form y = ygUg for some g E G and yg G A*^, T{yg) = 0. Also, 
since by 2.1 wc have Ug{X fl 3^) C A' fl 3^, by replacing {xn)n by {ugXn)n it follows 
that it is in fact sufficient to prove the statement for y G A° with T{y) = 0. In 
addition, we may assume \\y\\ < 1, < 1, H^H < 1. 

Since em{y) = EB^iy), we have em{yi) = EB^{y)i for any ^ G L'^{T,gBmUg). 
As ?/ G A° and T{y) = 0, by (1.1.1) there exists m such that Es^iy) = 0. Let £ > 0. 
Since x, z E X, there exists a neighborhood V of a; so that ||em(^n) — ^nlh < £/2 
and ||em(-Sn) — -Snih < e/2, Vn G But then, for each n G K we have the estimates: 

\T{z*yXn)\ < \{yemiXn),emiZn))\ 
+ Un - em{Zn)h\\yXn\\2 + 11^ 

< \{yem{Xn),em{Zn))\ + £ = £, 
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where for the last equality we have used 

{yem{.Xn),em{Zn)) = (em(2/em(5n)), e,7j(5n)) = {E B^{y)em{.Xn) , e^{Zn)) = 0. 

Q.E.D. 

Since L(G')'^ e L(G') cXny, Lemmas 2.4, 2.5 imply that {M e L{G)){L{G)^ e 
L{G)) ± {l[gY e L{G))M. This orthogonality holds in fact true in a larger 
generality: 

2.6. Lemma. Let a be a free, mixing action of a discrete group G on a finite 
von Neumann algebra {N,t) and denote M = A G. If {xn)n, {yn)n G L{G) 
are bounded sequences that weakly converge to 0, then lim T{x^a*ynb) = for all 

n— >oo 

a,beMe L{G). Thus, (M e L{G)){L{Gy G L{G)) ± {L{GY L{G))M . 

Proof. We may assume ||xn||, ||2/n|| < l,Vn. By linearity and Kaplansky's density 

theorem, it is sufficient to prove the statement for a = aoUg, b = boUh, where 
g^h E G and ao, bo G A^. Also, since {ugXn)nj [VnUhln are still converging weakly 
to 0, it follows that it is in fact sufficient to prove the statement for a,b E N with 
r(a) = r(6) — 0, ||a||, < 1. For such a, 6, if we let = "EgC^Ug, = TigdgUg, 

Cg, dg G C, be the Fourier expansions, then T{x^a*yn) = T,g(zGCgdgT{a*ag{b)), with 
the sum being i^{G) convergent. 

Let £ > 0. Since a is mixing and r(a) = 0, there exists a finite subset F <Z G 
such that \T{a*(Tg{b))\ < e/2, V(7 g G\F. By the weak convergence of the sequences 
(^n)n5 {yn)n, there exists uq > 1 such that 'Lg^plCgd'^l < e/2, Vn > no- Altogether, 
for n > no we get the estimates: 

|r«a*2/^)| = \EgeGc''gd^r{a*ag{b))\ 
< S,e^|c-dJ|||a||||6|| +E,^^|c-rfJ||T(aV,(6))| 
<e/2+ie/2)^g^F\c^d^\<s. 

Q.E.D. 

3. Clustering algebras associated to pairs of actions 

Let a : G ^ Aut(A^, r) be a properly outer clustering action with clustering 
resolution (A^*^, {B^jn)-, as in Sections 1,2. In this Section we assume that for 
a non-zero projection p G L{G) = {ug}g" the reduced algebra Mq = pMp has 
another cross-product decomposition Mq = Nq xIo-q ^O; for some properly outer 
action ctq : Go ^ Aut(A^O) '?')• 

3.1. Notation. We denote Xq = A* n (iV^ n N^). Note that by 1.4.1°, Xq is a 
vector subspace of pM^p. We show that in fact : 
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3.2. Theorem. Xq is a von Neumann suhalgehra of p{N'^ xi G)p. 

Proof. We first prove that Ve > 0, 3yo G U{Nq) such that ||i?/^(G)(?/o) II2 < £■ 
Indeed, for if not then 3£o > such that if we denote by ((M, e^(-c;)), Tr) the basic 
construction algebra corresponding to the inclusion L[G) C M, then 

Tr{eLiG)yeLiG)y*) = II^L(G)(y)||i > £0, Vy e U{No). 

Taking weak limits of convex combinations of elements of the form yeL(^c)y*j 
for y G U{No), it follows that Tr{eL{G)Ci) > for any a G K — {yeL{G)y* I 
y G U{Nq)}. In particular, Tr(e£(G)ao) > £0 fo^ '^0 the unique element of minimal 
norm || • ||2,Tr in K. Thus, ao 7^ 0. But yaoy* G and ||yaoj/*||2,Tr = ||ao||2,Tr) 
\/y G U{No), so by the uniqueness of oq we have yaoy* — ao,\/y G U{No), showing 
that ao G iV^ n (M,ez,(G)), < ao < l,Tr(ao) < Tr(ei(G)) = 1, ao ^ 0. 

By (Theorem 2.1 in [Po4]), this implies there exists a non-zero projection q G Nq, 
a projection p G L{G), a unital isomorphism '0 of gA^og into pL{G)p and a partial 
isometry v e M such that = g, v*v G 'ip{qNoqy f] pL{G)p and = v'ip{x), 
\/x G qNoQ. Moreover, by shrinking g if necessary, we may assume the central trace 
of g in A^o is a scalar multiple of a central projection of A^q (any projection in A^o 
majorizes a projection with this latter property). 

But cr is mixing and ip{qNQq) is a subalgebra without atoms in L{G), so by 
(Theorem 3.1 in [Po4]) it follows that ipiqNoq)' D pL{G)p C L{G). Thus, po = 
v*v G L{G) and v*Nov C poL{G)po. Moreover, by applying again (3.1 in [Po4]) 
it follows that the normalizer of v^Nqv in poMpo is included in pqL{G)pq. This 
is a contradiction, since by (3.5.2° in [Po4]) the normalizer of v*Nqv in p^Mp^ 
generates all poMpo (because gA'og is regular in gMg, due to the fact that Nq is 
regular in M). 

Let now x = {xn)n E Xq C X and denote x' — x — Ejsf^yiGix)- By Lemma 2.3, 
x' lies in X ny. Let £ > and choose yo G U{Nq) such that \\E L(^G){yo)\\2 < £• 
Since [yo.x] = and yo G M C A'"'^ x G, it follows that [yo, En^>^g{x)] = 0. Thus, 
[2/0, a;'] =0. 

But by Lemma 2.4 we have x'yo G A", while by Lemma 2.5 we have (yo — 
EL{G){yo))x' -L In particular, (yo — -E'l(G)(?/o))2^' is perpendicular to x'yo. Thus, 
the commutation relation yox' = x'yo entails the equation 

x'yo - (yo - E^G){yo))x' = EL(^G){yo)x' , 

with the vectors x'yo, (yo — -E'L(G)(yo))2^' perpendicular. By Pythagora's Theorem, 
and using that yo is a unitary element, we get 
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\\x'\\2 = \\x'yo\\2 < ||£'L(G)(yo)a^'||2 < £■ 

Since £ > was arbitrary, x' = 0. Thus x = Enu,-^g{x) £ xi G. But this also 
shows that Xq = {X D (AT'^ >^ G)) D (AT^ n N^). Since by Lemma 2.2 Xn{N'^ x G) 
is a weakly closed *-algebra, this shows that Xq is a von Neumann algebra as well. 
Q.E.D. 

The next Lemma and its Corollary will be needed in Section 4. 

3.3. Lemma. Given any £ > there exists a finite subset F C G such that if 
Pf denotes the orthogonal projection of L'^^M^) onto L'^CLg^pN'^Ug) then for any 
X G {Xq)i we have \\x — Pf{x) ||2 < £■ 

Proof. Assume this is not the case. If {yj}j is a || ||2-dense sequence in (A^o)i and 
Fn is an increasing sequence of finite subsets of G with UnF^ = G, then by the 
contradiction assumption and the definition of Xq, there exists £o > such that for 
each n there exists Xn e (iVo)i with \\[yj, Xn]\\2 < 1/"-, Vj < n, ||x„-pF„(£n)||2 > £o 
and ||e^(x„) — a;n||2 < 1/^- (Like in Section 1, if m > 1 then denotes the 
orthogonal projection of L^(M) onto L'^iJlg^GBmUg)-) 

But then x = {xn)n ^ (-^o')i satisfies [x, A^o] = 0, x E X and — i?Art^ xig(x) II2 > 
Eq. Since the first two conditions imply x E Xq, the third condition contradicts 
Theorem 3.2. Q.E.D. 

3.4. Corollary. {XqH {M^ , N'^))^ contains non-zero finite projections. 

Proof. By Lemma 3.3, there exists F C G finite such that ||pf(?))||2 > 1/2, Wv G 
U{Xq). Note that = 'Eg^pUgCN'^u* G (M'^,ejv'^)- Thus, if || ||2,Tr denotes the 
canonical trace on (iW^, cn^^) (see for instance Sec. 2 in [Po4]) then we have: 

Tr{pFvpFV*) = T,h,keF\\EN-'{ulvuk)\\l 

= ^h,keF\\EN^{vUkh-^)\\l > \\pf{v)\\1 > 1/4. 

Thus, if we take a G (M'*',ejv<^) to be the unique element of minimal norm 

II ||2,Tr in co{vpFV* \ V G l({Xo)} then < o < 1, Tr{a) < |F| < 00 and 
Tr{pFa) > 1/4. This implies a ^ while by uniqueness we have vav* = a, 
Wv G V{{Xq). Thus, any spectral projection corresponding to an interval [c, 1] with 
c > small enough will do. Q.E.D. 

The most important technical result of this section shows that if in addition to 
the general assumptions set forth at the beginning of this section (i.e. a clustering, 
pMp — Mo, pL{G)p D L(Go)) we also assume pL{G)p D L{Gq) and A^o abelian, 
then the von Neumann algebra Xq is "large" in M'^ . More generally we have: 
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3.5. Theorem. // A^o is abelian and there exists an infinite subgroup Gq C Gq 
such that pL{G)p D L{G'q) then X^HpM'^p = . 

Proof. Assume that x = {xn)n G '^q P^pM^p but x ^ Nq . Since A^o is abelian, 
Nl^r\ ^ so Xq = X n is a von Neumann subalgebra of (cf. 3.2) and 
AT^ C A"^ n pM'^p. 

Thus, by replacing xhj x — En^{x), we may assume x _L Nq. We may further 
take Xn = Tigijn.gUg with i/n^g G No,yn,e = 0, Wn. Moreover, by Kaplansky's 
density theorem we may assume yn,g = for all g G Go\Fn, for some finite subsets 

Fn C Gq. 

At this point we need the following immediate consequences of the results in 
Section 2: 

3.6. Lemma. If a is clustering and Nq is abelian, then for any sequence {hn}n C 
Gq that tends to infinity in Gq and any yo e Nq, we have yo = {o'o{hn){yo))n £ ^o- 

Proof. The sequence {u^ lies in L{G) and tends weakly to 0, so C/ = {u^ )„ G 
L{G)'^eL{G). By Lemma 2.4 we get Uyo G X and then by 2.1.2° we get {Uyoju* e 
X. Since A^o is abelian, it follows that UyoU* e N() O N^ = N^ as weU. Thus 
yo = UyoU* e Xo. Q.E.D. 

3.7. Lemma. If a is clustering and Nq is abelian, then ctqig'q n-mixing, Vn > 1. 

Proof. It is sufficient to prove that if yo^Vi, ...,yn ^ -^o and C Gq are 

sequences tending to oo, 1 < i < n, then lim T{yoIli<i<nO'o{hU{yi)) = 0. This 

n—^oo 

amounts to showing that Ui = (it?^ )„ e satisfy T{yoY) = T{yo)T{Y), where 

n 

Y = Ui<i<nUiyiU*. 

As in the proof of 3.6, /i^ — cxd implies Ui E L{G)^ Q L{G). Applying 3.6 and 
3.2, we get Y e Xo. But Em{X) C CI, thus Em{Y) = t{Y)1 and finally 

riyoY) = r{EM{yoY)) = r{yoEM{Y)) = riyoMY). 

Q.E.D. 

Proof of 3.5 (continuation). Since uo satisfies condition (1.2.1) for n = 2, by 
applying 1.3 and (1.2.1) to sequences of the form {(Jo{hn){yo))n for yo e No, 
hn & Go,hn ^ oo (which by Lemma 3.6 belong to Xo), it follows that for any 
finite sets Y C No,F C Go, any m,k > 1 and any e > there exists n > k such 
that 



(3.5.1) \r{yo(Jo{hn){yi)cro{ghn){y2)) - r{yo)T{ao{hn){yi)(Jo{ghn){y2))\ < e 
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for any yo, l/i, y2 ^Y, g e F. 

Let q e V{No) with T{q) = 1/2 and let F' C Gq finite such that T{qao(g'){q)) < 
9/32 for g' G Gq\F' (this is possible because cqg^ is 2-mixing, hence mixing). Thus, 
'^iQ<^o{9'){Q)) + T{{l'-q)ao{g'){l~q)) < 9/16. Since ctq is a free action, there exists a 
finite partition {qi}i C V{No) refining {g, 1— g} such that T,iT{qiao{g'){qi)) < 9/16, 
for all g' e F' , g' e. Thus, since 

^i\\mo{g'){(li)\\2 = ^ir{qi(TQ{g'){qi)) 

< r{qao{g'){q)) + r((l - q)ao{g'){l - q)) 

= hM9')mi + m-<i)M9')i^-Q)\\i 

altogether we get 



(3.5.2) ^iHM9')iQr)\\l < 9/16, V(?' G Go \ {e} 

Assume ki < k2 < ■■■ < fcn-i are given. By applying (3.5.1) for e = '2~'^\\qi\\2\\yn,g\ 
it follows that there exists kn > kn-i large enough such that for all g & F^ and all 
yn,g ^0,g e Fn,we have: 

(3.5.3) \\i(^o(hkJ{qi)(To{ghkJiqi))yn,g\\2 

< {\\MhkJ{qi)M9hkJ{qi)\\l + '^'^QiWDWVnJl 

Since the supports F„ of the elements Xn do not contain e and since g & Fn 
implies hgh~^ ^ e for all h & Gq, by applying first (3.5.3) and then (3.5.2) we have 
the estimates: 

\\Xn\\l = \\'^i{(To{hkJ{qi)Xn(To{hkJiqi))\\l 

= EiEgeFjWo{hkJ{qz)yn,gU^gMhkJ{qi)\\l 
= ^i^geFj{cro{hkJ{qi)cro{9hkJ{qi))yn,g\\l 
< ^i^geFM<^oihkJiqi)aoighkJiqi)\\l + 2-^)ll2/n,p||i 

= ^geFA^tHMhk^9hkJ{qr)\\l + 2"^||gi||2)||2/n,g||2 

<{10/16)Eg^Fjyn,g\\l = {5/S)\\Xn\\l 

a contradiction. 

Q.E.D. 
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3.8. Remark. Note that in the above we have actually proved the following more 
general result: Let ctq be a free action of an infinite discrete group Go on a finite 
von Neumann algebra (A^o, '''o) and denote Mq = Nq x^^^ Gq- Assume uo is weakly 
2-mixing, i.e. VF C A^o finite 3/t„ — > oo in Go such that 

lim \T{yoao{hn){yi)cro{hm){y2)) - r{yo)T{ao{hn){yi)cro{hm){y2))\ = 0, V|/i G F. 

n,m— >oo 

Let X G Mq be so that En^{x) = 0. Then given any £ > there exists a partition 
{qi}i of 1 with projections in A^o and a sequence /i„ — > cxd in Gq such that the 
partition qi = {ao{hn){qi))n e V{Nq) satisfies ||Sjq'ja;$i||2 < e. 

4. Cartan conjugacy criteria 

We now use Section 3 to prove a criterion for unitary (or inner) conjugacy of Car- 
tan subalgebras. It shows that if M can be realized in two ways as a group measure 
space construction, M = L°°{X,iJi) x^G = L°°{Xq, /iq) Gq, with a clustering, 
then the unitary conjugacy of the group von Neumann algebras L{G), L{Gq) en- 
tails the unitary conjugacy of the Cartan subalgebras L°°(X, ^u), L°°(Xo,//o). In 
fact, in its most general form (see 4.2), this statement assumes only a "corner" of 
M to have a second group measure space decomposition Aq xIo-q Gq, with merely 
L(Gq) C pL{G)p for some infinite subgroup G'q C Go- 
Combined with the result in ([Po4]), showing that if G is ICC, Gq is w-rigid and cr 
is malleable then the unitary conjugacy of L{Gq) into L{G) holds true automatically, 
this result already allows us to show that modulo perturbation by inner automor- 
phisms any 9 : Mq ~ M must take the Cartan decompositions L°°{Xo, hq) C Mq, 
L°°{X,ii) C M onto each other. 

We fix the following general assumptions/notations, throughout the rest of the 
paper: 

4.1. Notations. Let a : G ^ Aut(A, r), do : Gq ^ Aut(Ao,r) be free, er- 
godic actions of countable discrete groups G, Gq on abelian von Neumann algebra 
{A,t), {Ao,t). Denote M = A xi^ G, Mq ^ Aq Gq and L(G) C M (respec- 
tively L{Go) C Mo) the von Neumann algebra generated by the canonical unitaries 
{ug}g^o C M (resp. {u1}heGo C Mo) implementing the action cr (resp. ctq). 

4.2. Theorem. With the notations 4.1, assume that a is clustering and there 
exists a projection p G L{G) such that pMp = Mq, pL{G)p D L{Gq), for some 
infinite subgroup Gq G Gq. Then there exists a partial isometry v & M such that 
v*v = p, vv* G A and vAqv* = Aw*. 
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Proof. Let Xq C pM'^p be defined as in Section 3. By its definition, Xq is contained 
in Aq and by Theorem 3.2, Xq is a von Neumann algebra. Also, by Theorem 3.5 

we have A'o n pWp = 

Due to Corollary 3.4, we are in the position of applying the "intertwining theo- 
rem" (A.l in [Po2]). It follows that there exist non-zero projections q — {qn)n G , 
p^ = {Pn)n ^ Aq C pM^p and a partial isometry w = {wn)n G such that 

Qn e APn e Ao, W^Wn = p^^WnW^ = Qn, T(qn) = t{p%) = t(?), Vn, and 

wAqW* = A^q. This implies that for e — T{q)/2 and large enough n we have 
WnAow^ Cg Ap^. Indeed, because if for each n we could find G U{wnAQW^) 
such that \\EA'^{un) — Wnlh > ■^(9)72, then u — (un)n would satisfy wuw* ^ A^, 
contradicting wAq w* C 

By taking C M to be a Cartan subalgebra of M such that p & Aq and 
Aq = Aqp, and applying (Corollary 1 in [Po5]) to the Cartan subalgebras A,Ao 
of M, it follows that there exists a partial isometry v E M with v*v = p and 
vAqv* = Aw*. Q.E.D. 

4.3. Remarks. If instead of (Corollary 1 in [Po5]) we use results from ([PoSiSm]), 
or some of Christensen's pioneering results on perturbations of subalgebras in IIi 
factors ([Ch]), then the argument at the end of the proof of 4.2 shows the following: 
If A, Aq are arbitrary maximal abelian *-subalgebras in a IIi factor M such that 
Aq, A^ are unitary conjugate in then ^ are unitary conjugate in M. 

In the next Section, we will prove that if in addition to the conditions in 4.2 we 
also assume G ICC, then the situation is in fact much more rigid: p must equal 1 
and V, which follows a unitary, can be taken to satisfy v{u1}hV* — {ug}g, modulo 
the scalars ! In particular, this will show that the inclusion L{Gq) C pL{G)p 
must be an equality. We prove here a weaker result in this direction, showing that 
Ao,pL{G)p follow mutually orthogonal (i.e., -^^((^^(ao) = 0, Voq G AQ,T{ao) — 0; 
see [Po7]). This is needed in the proof of the criteria for conjugacy of actions in 
the next section (5.1, 5.2). 

4.4. Lemma. With the notations 4.1, assume that for some projection p G L{G) 
we have pMp D Mq, pL{G)p D L{Gq) and there exists a partial isometry w G M 
such that v*v = p, vAqv* — Aw* . 

(i) . If ao is weakly mixing then Aq follows orthogonal to L{G). 

(ii) . If (Tq is weakly mixing and a is mixing, then uo follows mixing. 

Proof, (i). Note first that ctq weakly mixing implies that \/y G Aq with T{y) = 
there exist hn G Go such that cro(/in)(j/) tends to in the weak operator topology, 
as n ^ 00. 
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Assume there exists yo E Aq C pMp such that T(yo) = 0, xq — -E'l(G)(|/o) 7^ 0. 
Let hn e Go be so that tt°^yo'f^^* = cro(^n)(j/o) tends weakly to 0. Expecting on 
L{G) and taking into account that 

it follows that the sequence xq = {u^^xou^^)n C L{G) is convergent to in the 
weak operator topology. Thus, as an element in the ultrapower algebra L{G)'^, xq 
belongs to L{G)'^ QL{G), while ||xo||2 = Ikolb 7^ 0. 

But ^0 = v*Av implies = v*A'^v, and thus is contained in A"^ xi G, 
the von Neumann algebra generated by and the unitaries Ug G M, g e G, 
regarded as constant sequences in . Thus, if we denote yo = (w^|/o'"n*)n ^ ^0 
then yo G A'^ xi G. By commuting squares it follows that i?i((2)t^ (A'^ G) = 
L{GY n A'^ G C L{G). Thus EL^ariVo) e ^IG). On the other hand 

£^L(G)^(yo) = {EL^G){ulyoul*))n = Xo & L{Gr L{G). 

This contradiction ends the proof of part (i). 

iii). Let hn ^ OG m. Gq and G with T(ai) = 0, i = 1,2. Since by (i) we 
have ^0 -L L{G), it follows that T(a2) = implies a2 J- L(G). But then by 2.6 we 
get lim T(a2U^ ain't* ) = 0, showing that a is mixing. Q.E.D. 

n— >oo " " 

Our last result in this section shows that under the same assumptions as in 4.5, 
the condition ao mixing is in fact not much of a restriction: 

4.5. Lemma. With the notations 4.1, assume that for some projection p G L{G) 
we have pMp D Mq, pL{G)p D L(Go). Assume also that either pMp = Mq or 
that there exists v E M partial isometry such that v*v — p, vAqv* — Aw* . If 
a is mixing then there exist a normal subgroup Gi C Gq of finite index n and a 
projection pi G V{Aq) of trace t(pi) = r{p)/n that commutes with {tt°}/igG^, such 

that if A\ AqPi, a\{h) =^ cro(/i)|Aij u\ "= u\p\,h G G\, then: 

{i). o"! is free and mixing on A\ and Mi =^ PiMopi — Ai y {u\}heGi" is 
isomorphic to Ai xio-^ Gi, with {u\}h o,s canonical unitaries implementing ai. 

(ii). piMpi D Ml, with equality iff pMp = Mq; piL{G)pi D L{Gi) = {ul}heGi"t 
with equality iff pL{G)p = L{Gq). Moreover, if v & M satisfies v*v = p, vAqv* = 
Aw* then vi = vpi & M is a partial isometry satisfying v^vi = pi, viAivl = 
AviVi- 

Proof. If Bq C is a finite dimensional cxo-invariant subalgebra of Aq then 
SpL(Go)So = SpSoL(Go). Thus, (3.1 in [Po4]) applied to Qq = L{Gq)p® (1 - 
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p)L{G){l — p) G A G implies that Bq is contained in L{G) and therefore in 
pL{G)p. This shows that the von Neumann subalgebra B C Aq generated by all 
such Bq C Aq is contained in pL{G)p as well. If B would be infinite dimensional 
then by the ergodicity of a it follows diffuse. Since the normalizer of B in pMp con- 
tains both Aq and {u^ \ h e Go}, which together generate Mq, by applying again 
(3.1 in [Po4]) it follows that Mq C pL{G)p. This gives an obvious contradiction 
when we assume pMp = Mq. If we assume instead that is conjugate to a corner 
of A by some partial isometry v e M, then would contain an orthonormal family 
of unitary elements that are perpendicular to A (the powers of any generating Haar 
unitary for B would do), contradicting (A.l in [Po2], or 2.1 in [Po4]). 

Thus B must be finite dimensional and by the ergodicity of ctq all its minimal 
projections have the same trace. Let n = dim(S) and choose pi e V{B) a minimal 
projection. Let also Gi = {h e Gq \ ao{h){b) = 6, V6 e B}. It is immediate to 
check that all conditions (z), {ii) are satisfied. Q.E.D. 

5. CONJUGACY CRITERIA FOR ACTIONS 

We now prove a very general conjugacy (or isomorphism) criterion for actions 
of groups. Thus, we show that under very general conditions if a group measure 
space factor M has two crossed product decompositions M = A>ia- G = Aq >ia-o Go 
in a way that the group algebras L{G), L{Gq) coincide, then modulo conjugacy by 
an inner automorphism of M the two decompositions are identical ! The result is 
in fact surprisingly more general, requiring only the inclusion of one group algebra 
into the other and allowing amplifications. 

We recall that if K < G is a normal subgroup and k e ChoxaiK) is an 
Ad(G) invariant character of K then one associates to it the scalar 2-cocycle 
jjifi e H^(G/i^, T) as follows: Denote hj g ^ g' a. lifting of G/K into G then 

for gi,g2 E G/K put iJ^{gi,g2) /«(5'l5'2((fi'ifi'2)')^^)- It is easy to verify that 
doesn't depend on the lifting and that it defines indeed a 2-cocycle on G/K. 

5.1. Theorem. With the general notations 4.1, assume a is clustering and there 
exists a projection p G L{G) such that pMp = Mq, pL{G)p D L{Gq). Then p is 
central in L{G), t{p)~^ is an integer, pL{G)p = L{Gq) and there exist a normal 
subgroup K <Z G with \K\ = t{p)~^ , an Ad{G) -invariant character k of K, with 
trivial fj,^ e H'^{G/K), and a unitary element u e pL{G)p such that: 

(i) . p = \K\~^TikeKK{k)uk and UkP = K{k)p,yk & K . 

(ii) . uAqu* = A^p, where A^ = {a e A \ ak{a) = a,\/k e K}. 

(Hi), {ugp I g e G} = {uu^u* \ h & Gq} modulo multiplication by scalars. More 
precisely, there exist an isomorphism 5 : Gq — G/K, a lifting G/K 3 g ^ g' & G 
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and a map a : Gq — G/K T such that Ad(w)(w^) = a{h)us[h)'P; G Gq, and 
da = /Ik- 

If in addition G has no non-trivial finite normal subgroups (e.g. G ICC or 
torsion free) then K = {e}, p = 1 and S is an isomorphism 5 : Gq G. 

Proof. Since ICC groups have no normal subgroups other than K = {e}, the last 
part follows trivially from {%) and {%%%). 

By Theorem 4.2, the conditions in the hypothesis imply the existence of a partial 
isometry w e M with v*v = p and vAqv* = Aw* . We are thus reduced to proving 

5.1. (i) — {iii) when this last condition is added to the list of assumptions. Notice 
also that by 3.7 the clustering condition on a implies uq mixing. We in fact prove 
the following more general result: 

5.2. Theorem. With the general notations 4.1, assume there exists a projection 
p e L{G) such that: 

(a), p = Imo, pMp D Mo, pL{G)p D L{Gq). 

(h) . One of the following holds true: p = 1, ao weakly mixing; or p arbitrary, uo 
weakly mixing, a mixing. 

(c). There exists v & M such that v*v = p and vAqv* = Avv* . 

Then t(p)~^ is an integer and there exist a subgroup G' G G, a normal subgroup 
K <Z G' with \K\ = t{p)~^ , a character 7 of Gq, an Ad(G') -invariant character n 
of K , with trivial G H'^iG' /K), and a unitary element u G pL{G)p such that 
p' — upu* is central in L{G') — {ug \ g G G'}" and we have: 

(i) . p' = \K\-^EkeKt^{k)uk G Z{L{G')), u^p' = K{k)p',\/k G K. 

(a). uAqu* = A^p' = p'Ap', where A^ = {a e A \ ak{a) = a,\/k e K}. 

(iii). {ugp' I g G G'} = {uu^u* \ h G Gq} modulo multiplication by scalars. 
More precisely, there exist an isomorphism 5 : Go — G' / K , a lifting G' / K 3 g ^ 
g' G G' and o; : Go ^ G' /K — >• T such that Ad(u)(u^) = a{h)us(h)'P' > V/i G Go, 
and da = 

If in addition pMp ~ Mq and G has no non-trivial finite normal subgroups (e.g. 
G is ICC or torsion free), then condition (b) is redundant, K = {e}, p = 1, G' = G 
and S is an isomorphism S : Gq — G. 

Proof. Let us first prove the last part of the statement, assuming we have proved 
(i) — (Hi) under conditions (a) — (c). Thus, we are under the additional assumptions 
pMp = Mo and G is ICC. By Lemma 4.5, there exists a subgroup Gi C Go of 
index n < 00 and a projection pi G V{Ao) of trace t(pi) = T{p)/n that commutes 
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with {u^}fi^Ci such that if we denote Ai = AqPi, ai{h) — o'o{h)\Ai then ai is 
mixing. But then conditions (a) — (c) are satisfied for cri,Gi,pi, vi = vp\ instead of 
(To, Gq,p, v. Thus, by [i] — (Hi) there exist G'l C G, with a finite normal subgroup 
Ki C G'l satisfying \Ki\ = r(pi)~^, and a unitary element Ui G piL{G)pi such 
that p'l = uipiul is central in L{G'i) and uiAiul — A^^p'i = p'lAp'i. Thus, 
after conjugation by ui we may assume pi satisfies = A^^pi — piApi and 
L{Gi) = piL{G[)pi = L{G[)pi. But spL{Gi)Ai is dense in Mi andpi{A><G[)pi = 
spA^^ L{G'i)pi. Since piMpi = Mi, by expecting these equalities on L(G) we get 
L{G'i)pi = piL{G)pi, which in particular implies [G : G'] < oo. But then G ICC 
implies G[ ICC (indeed, for if G'l would have a non-trivial element h with finite 
conjugacy class in G[ then h would also have finite conjugacy class in G, due to 
[G : G'l] < oo). Thus Ki = {e} forcing pi = 1. From L{G[)pi = piL{G)pi we also 
get G'l = G and 5 follows an isomorphism because Ki = {e}. 

The proof of (i) — {in) will take the rest of this Section, as well as Section 6. 
The following observation will be used several times: 

(5.2.0) . If u' is a partial isometry in L{G) with u'*u' — p and we substitute p by 
u'u'* , L{Go) by u' L{Go)u'* , Mq by u'Mqu'* , v by vu'* and Aq by u'Aqu'* then 
conditions (a) — (c) are still satisfied. 

We first prove the result assuming the Fourier expansion v = JlgagUg is finitely 
supported, with all Qg E A having finite spectrum. Under this assumption the proof 
simplifies, allowing the ideas to become more transparent. The proof of the general 
case is postponed to the next section. 

Since all ag have finite spectrum and there are only finitely many of them, there 
exists 7^ in V{A), q < vv*, such that qag = Cgq, V^, for some scalars Cg e C. 
Thus, if we denote w = "EgCgUg, then w e L{G) and qw = qv. Since v*{Aq)v C Aq 
it follows that w*qAqw C Aq. But A is perpendicular to L{G) and by Lemma 4.4 
Aq is also perpendicular to pL{G)p. Consequently, 

T{q)/T{p)p = En^G){v*qv) = ELi^G){w*qw) = w* E l(^g){.(1)w = T{q)w*w. 

Hence, u' = t{p)~^^'^w is a partial isometry in L{G) with u'*u' = p. Moreover, 
it satisfies qvu'* = qwu'* = t{p)~^/'^u'u'* . Thus, by the remark at the beginning of 
the proof it follows that in addition to conditions 5.2. (a) — (c) we may also assume: 

(5.2.1) qv = T{p)~^/^qp 

We will prove that in fact conditions 5.2. (a) — (c) together with (5.2.1) imply 
5.2. (z) — (Hi) for u = p. 
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Since normalizes ^ind vAqv* = Aw*, vu^v* is in the normalizing groupoid 
of A. Thus qvu^v*q is also in the normalizing groupoid of A, implying that 
qvu1v*q = T,gagUg for some partial isometries e A. On the other hand 
tt° e L{Go) C pL{G)p, so tt° = Ec,CgM(, for some scalars c^. Together with 
qv = T{p)~^/'^qp this implies: 

(5.2.2) Sgajwg = qvulv*q = T(p)"^gWftg = T(p)"^EgcJg(7g(g)wg. 

Identifying the coefficients of the most left and right Fourier expansions in (5.2.2), 
it follows that = T{p)~^c^q(7g[q), \/g. In particular, if we denote = {g E G \ 
aj ^ 0} = {51 G G I cj ^ Q,cfg{q)q ^ 0}, then g e implies 1 = ||aj|| = 
t{p)~^\c^\, and thus |c^| = t{p). Since rip) — Hw^Hl — ^glc^P, this also shows 
that IF'^I < t{p)~^. Summarizing: 

(5.2.3) |cj| = t(p), e F^ S,|cJ|2 = t(p); IF'^I < t{p)-\ 

When p — 1 then qv = q, Aq — Aoq, and (5.2.3) shows that if 7^ then F'^ 
is a single point set {g{h)}, with c'* = c^^^^ satisfying jc'^l = 1 and = c^Ugi^f^y 
Denote by Gi C Gq the subgroup of elements h E Gq with tt° a scalar multiple of 
some ttg(/i) . If /io £ Go is given, then by the weak mixing property of ctq there exists 
hn e Go such that lim T{ao{hn){q)q) = T{q)^ and lim T{ao{hnho){q)q) = T{q)^. 

n— »oo n— »oo 

Noticing that for h' e Go we have F^' ^ ^ ^ qu%,q 7^ 44> (To(h')(q)q 7^ 0, 
it follows that h^hnhQ G Gi, which in turn implies h & Gi. This shows that 
Go = Gi. Finally notice that Aq = A^q implies 

(5.2.4) AQ(jQ{h){q) = ul{Aoq)ul* - Ug^h){Aq)ul^h) = 

and that by the ergodicity of ctq we have 1 = y h(^o{h){q) = y h^^ g(h){Q) ■ This shows 
that A = Aq and letting G' = {g{h) \ h G Gq}, 5.2. (z) — {in) follow trivially. 

Assume now a is mixing but p is arbitrary. Notice that if for some h we have 
\F'^\ = r(p)~-^ then (5.2.3) forces F'* to be equal to the support set S''* = G G | 
Cg 7^ 0} of the Fourier expansion = T,gCgUg, and \Cg \ = T{p),\/g G S^. We will 
prove that this is in fact the case for V/i G Go, but first show it is true for all h 
outside a finite subset of Gq. 

By the mixing property, there exists E d G finite such that T{ag{q)q) > T(g)^/2, 
yg e G \ E. Define Sq > to be the distance from t{p)~^ to the closest integer 
7^ t{p)~^. Since w° tends to in the weak operator topology, as h ^ 00, there 
exists Eo C Go finite such that |cjp = |t(w^w*)P < eor{pf/{2\E\ + 2), G E, 
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V/i e Go \ Eq. Thus, ii h e Gq\Eo djid g e G\E then g e ^ g e ^ 
\Cg \ = t{p) (the last equivalence by (5.2.3)). 

If for some h E Go\Eq we have IF'*] < t{p)~^, then from the above we get 

(5.2.5) t{p) = S^lcjl^ = Eg^E\4\^ + S^eF'^lcJl' 

= S.e^^lcJP + |i^'|T(p)' < £ot(p)V2 + |F'^|t(p)^ 

= {eo/2 + iF'^Mpf < (rip)-' - So/2)t(p)2 = r(p) - £ot(p) V2, 

a contradiction. We have thus shown that t{p)~^ is an integer and that for h G 
Go \ Eq we have: S'^ has t(p)~^ elements; |c^| = '!'{p),Wg G 5^. Conclusions (i) 
and (iii) in 5.2 follow then from the following general fact: 

5.3. Lemma. Let G be a discrete group, p G L{G) = {ug}g" a projection with 
r{p) = 1/n for some integer n > 1. Let W C pL{G)p denote the set of unitary 
elements w G pL{G)p such that S"" = F"" , where S"" = {g e G \ c"^ 0}, 
E^ = {(/ G G I |Cg I = t{p)}, c^ being the coefficients of the Fourier expansion w — 
HgC^Ug. Assume W 7^ 0. Then W is a subgroup ofU{pL{G)p) with neutral element 
equal to p and there exist a subgroup G' <Z G, a normal subgroup K C G' with 
\K\ = n and an Ad{G') -invariant character k of K such thatp = n~^T,keKi^{k)uk, 
Ukp = K{k)uk, \fk G K, and W = {autp \ t G G',a G T}. Moreover, if G'/K 3 
h ^ h' E G' is a lifting, then {uh'P \ h G G'/K} is a copy of the projective left 
regular representation of G'/K with scalar 2-cocycle G H^(G'/i^). 

Proof. Since W - W G U{pL{G)p) and any u G U{pL{G)p) satisfies t{u*u) = t{p), 
it follows that for all w,w' we have: 

(5.3.1) = n; Eg\c^\' = r{p) = S^jcr?; S,|c^| = 1. 
We also have 

ww' = T,^^g^^>{T,g^s-'CgCg-it)ut = Etc^'^'ut, 

and there are at most non-zero elements cf^' ,t G G, and they satisfy the trivial 
inequalities 

(5.3.2) \cr'\<^,KK-H\<r{p) 

(5.3.3) E,|cr'|<S,,,Hc^||c^/| = l 
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Moreover, the first inequality in (5.3.2) becomes equality iff c^c^'^x^^g e G, are 
all equal, when non-zero, while the second inequality in (5.3.2) becomes equality iff 
g I— > g~^t is a bijection from S'^ to S'^ . 

Notice that the maximum of the expression S^^^^xf over the set of n^-tuples 
{{xi)i I < < 1/n, Vz, SjXj < 1} is equal to 1/n and it is attained when n of the 

s are equal to 1/n and all others are equal to 0. Indeed, this is because 

x'^ < (min{a;j + Xj, l/n})^ + (max{0,a;i + Xj — l/n})^, 

with equality if and only if {xi, xj} = {min{a;i + Xj^l/n}, max{0, Xi + Xj — 1/n}}. 

Applying this to {xi)i = i\c^'^'\)g, it follows that Et\ct'^'\'^ < 1/n = t{p) with 
equality iff there are exactly n non-zero elements cf^ and they all have absolute 
value t{p), i.e. iff 5™"'' = F^^'. Since (5.3.1) shows that the equality does hold 
true, it follows that ww' e W. In addition, the conditions for equality in (5.3.2) 
are verified, i.e. 

(5.3.4) 5^' = (5")*t, c^c^!i, = c'^'"'Tip),\/w,w' eW,te 5""^',^ e 5^ 

Since wc clearly have W* = W, this shows that p — ww* belongs to W and that 
W is a group with p as neutral element. Denote K = S'^ and note that K = K*. 
By (5.3.4) applied to w = p = w', it follows that K is a group with n elements. 
Since p is a projection of the form p = \K\~^'S,}.^KOikUk, with = (^/t{p) having 

absolute value 1, V/c G K, K{k) =^ a^, k & K, gives a character of K. 

Also, by (5.3.4) applied first to w = p, then to w' = p, it follows that for all 
w there exist t,t' G G with S"" ^ Kt = t'K. This imphes KtK ^ tK, so 

t normalizes K. Thus, ff we denote G' = {t e G \ 3w e S"^ = Kt} then G' 
follows a group with K C G' a normal subgroup. Moreover, w is a scalar multiple 
of put and [ut,p] — 0,\/t & G'. In particular, the character k of K must be Ad(G')- 
invariant and it satisfies UkP = K{k)p,\/k G K. The last part of the statement 
is now trivial, since T{ugp) = 0, Wg E G' \ K and the 2-cocycle /x^ G lP{G' /K) 
satisfies Ui^h^yp'u{^h2)'P' — A*k(^17 h2)U(^h^h^yp' by the way it is defined. Q.E.D. 

We can now end the proof of 5.2 under the extra assumption that the Fourier 
expansion v = TigttgUg is finitely supported, with all ag having finite spectrum. 
Thus, by the formula p = TikeKi^{k)uk it follows that = An{py with p a Jones 
projection implementing the r-preserving conditional expectation Ej^k of A onto 
A^ . Since qv = T{p)~^^'^qp, the projection q E A satisfies pqp — Ej^K(q)p — T{p)q'p 
for some unique projection q' G A^ . By (5.2.1) we thus get 



(5.4.1) Aoq'p = Ao{pqp) = Ao{v*qv) = v*{Aq)v = p{Aq)p = A^q'p 
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The equality Aqp — A^p in 5.2. (u) follows now from this identity, the ergodicity 
of ctq on ^0 and the inclusion {u^}h^Go C {augp \ g e G' , a e T}, the same way 
we deduced the similar equality in the case p = 1 m (5.2.4). Part 5.2. (zu) is an 
immediate consequence of the last part of Lemma 5.3. 

6. End of proof of 5.2 

We now prove 5.2 in general, without any extra-assumption on the intertwiner 
V = TigagUg. Thc idea is to prove first an approximate version of condition (5.2.1), 
and then re-do steps (5.2.2) — (5.2.5) using it in- lieu of (5.2.1). 

6.1. Lemma. Let {A,T),G,a,M = A y\cr G,{ug}g heasinAA. LetpeV{L{G)) 
and assume v E M is a partial isometry with v*v = p, vv* G A and v*Av perpen- 
dicular to L{G). Then there exists a partial isometry u' G L{G) and a decreasing 
sequence of non-zero projections Qn G Aw* such that u'*u' = p and 

(6.1) \\qv - Tip)-'/\u'\\l < 2-V(9), G V{Aq^) 



Proof. Let v = TigUgUg be the Fourier expansion oi v in M = A 'a^ G and denote 
/o = vv* G V{A). Since the infinite sum T,gaga*g is increasing and tends to /o in 
the strong operator topology, or equivalently in || • there exists / 7^ in V{Afo) 
such that "EgagGgf is convergent to / in the uniform norm. Thus, there exists an 
increasing sequence of finite sets <Z G such that U„F„ = G and 



(6.1.1) ||S,^^„a,</|| < 2 



-n-3 



By the Gelfand-Neimark theorem Af = C(0) for some compact set O. Choose 
uq E Q and denote Cg — ag{u!o), g E G. Thus TjgCgC^ — 1, implying that w — TigCgUg 
belongs to L^{L{G)) = £^(G). By the continuity of the functions ag G C{Q,) at cuq, 
we can choose recursively £ ^(^/) (corresponding to open-closed neighborhoods 
of u>o in Q) such that qn < q-n-i and 

(6.1.2) \\agqn - Cgq^W < 2-'^-''\Fn\-^'^ ^g G F„ 

Using first the Cauchy-Schwartz inequality and then (6.1.2) we get for any q G 
V{Aqr,): 

(6.1.3) |Egei7^r(c^(ag - Cg)q) \ = |EgeF„r(c^Q(ag - Cg)q)\ 

< i^g^Fjcgq\\l)'/\Eg^Fj{ag - c,)g||^)V2 
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Similarly, by first using the Cauchy-Schwartz inequality and then (6.1.1) we have: 

(6-1-4) IriEg^F^c^agq)] 

< (S,0Fjc,|V(^))^/2(T(E,^^„a,a;5))V2 < 2— V(^). 
Using (6.1.3) and (6.1.4) we finally obtain the estimates: 

(6.1.5) \\qw - qv\\l = 2T{q) - 2ReT{qvw*q) 

= 2T{q) - 2Rer(EgC^agg) = 2T(g) - 2ReT(SgeF„c^agQ) - 2Rer(Eg0F„c^agg) 

= 2T(g) - 2EgeF„ CgC^T(Q) + 2Egei^„T(c^(ag - Cg)q) - 2Rer(Sg^F„c^as?) 

< 2T{q) - 2T{q) + 2 ■ 2-"-V(g) + 2 • 2-"-V(g) + 2 • 2-"-V(g) = 2-"T(g). 

This shows that if we put u' = t{pY^'^w and q^ are chosen as above, then the 
inequality (6.1) is satisfied Vg G V{Aqn). 

We still have to prove that u'^'u' = p. To this end, note that w G LF'{L{G)) 
and qn G Aq^ ± L{G) implies E l(^c){w* q^w) = w*E^G){Qn)w = T{qn)w*w (these 
calculations make sense in L^{L{G))). On the other hand, v*qnV G v*{Aqn)v ± 
L{G) by hypothesis, so that we also have Ei,(^G){'^*Qn'^) = {'^{Qn)/'T{p))p- But by 
the Cauchy-Schwartz inequality and (6.1) we have 

\\EL{G){w''qnW - v''qnv)\\i < \\w*qnW - V*qnV\\i 

< \\w*qnW - w*qnv\\i + \\w*qnV - v*qnv\\i 

< \\w*qn\\2\\qnW - Qn^ lb + \\w* qn - f *gn || 2 || Qn^^ || 2 

= 2\\qnW - qnvhWqnh < 2-'^+V(g„). 
Thus, for all n > 1 we have 

\\'^{Qn)/r{p))p- T{qn)w*w\\i = \\E^G){w*qnW - v*qnv)\\i < 2"''+V(gn) 

implying that u' = T{py/'^w satisfies ||tt'*tt'— < t(p)2~"'+-^, Vn. Thus u'*u' = p. 

Q.E.D. 
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Let now u' e L{G) and G V{Avv*) be as given by Lemma 6.1. Since for 
q e V{Aqn) we have \\qvu'* — T{p)~^/'^qp\\2 = \\qv — T{p)~^/'^qu'\\2 < 2~"'||q'||2, by 
the remark at the beginning of the proof of 5.2 in Section 5, we may assume there 
exists a decreasing sequence of non-zero projections qn € Aw* such that in addition 
to the assumptions 5.2. (a) — (c) we also have: 

(6.2) \\qv - T{p)-^/''qp\\2 < 2-"||9||2, V? G P(^9n). 

We will prove that in fact conditions 5.2. (a) — (c) together with (6.2) imply 

5.2. (i) — {iii) for u — p. In particular, when p — 1 this amounts to showing that 
{u^}h C {aug I 5r e G, a e T} and A = ^o- 

As in Section 5, let = TjgCgUg be the Fourier expansion of e L{Gq) C 
pL{G)p, with Cg E C. Since are unitaries in pL{G)p, we have t{p) = t{u^u^) = 
Eg|c^p, V/j, e Go- Note that qnU^Qn — '^gCg(Tg{qn)qnUg. We also consider the 
Fourier expansion qnVu^v* qn = T^ga^'^Ug. Since the left term is in the normalizing 
groupoid of Aq^ C qnMq^ it follows that a^'"^, g E G, (resp. ag-i{ag'^), g E G) are 
partial isometrics in Aq^ with mutually orthogonal supports. But unfortunately we 
no longer have the equality qnvu^v*qn = T{p)~^qnu\qn that would make possible 
the identification of the Fourier coefficients of the two sides, as in (5.2.2). However, 
an "approximation" of that equality does hold true due to (6.2), and this will be 
good enough for us to prove the following version of (5.2.3): 

6.3. Lemma. Let Fj^ = {g e G \ ttg^"- ^ 0}. For all g e F^ we have: 

(i). ||aj - cjT(p)-Vg(g„)gn|| < 2"''+^ and ifn>2 then |aj| = (7g{qn)qn- 
{a). |1 -t(p)-1|cJ|| < 2-^+1 and I I < t(p)-i + 2-"+^. 
{iii). |cj| < t{p) and Fll D Vn. 

Proof. If = then there is nothing to prove. If F^ is non-empty then fix 
go G F^. Denote q — q-nO'gaiQn) and note that \ag^"'\ < q. For each projection 
q e V{Aq) denote q' = a -i (q) < qn- Note that if q'' < ^ then qug^q' = gw^g and if 
q < Wgo^l then qvu^v*q' — qa^'^Ug^^. 

By (6.1) applied to g, g' < qn we have \\qv — T{p)~^^'^qp\\2 < 2~" 115112 and \\v*q' — 
T{p)~^/'^pq'\\2 < 2~"'||g'||2. Using this and the inequality \\xy\\2 < ||^c||||y||2 we get: 

(6.3.1) \\qvu^v*q' — T{p)~^qu^q'\\2 

< \\qvulv*q' - T{p)-'/'qulv*q'\\2 + \\T{pr'VhV*q' - ripr'qulq'h 
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<\\qv-T{p) ^^'^qp\\2\\u^v*q'\\ + t{p) ^^'^\\qu1\\\\v*q' - t{p) ^^'^pq'\\2 
<2-^\\q\\2 + 2-''\\q'\\2 = 2-''+^\\q\\2. 

For any d in the spectrum of a^^'" in Aq and any e > 0, take 7^ g G V{Aq) to 
be a spectral projection of Ug^^ in such that ||Ogg"g — d\\ < e. Using (6.3.1) we 
then get: 

2-^+%h > kvulv*q'-Tip)-\ulq'h 
^ II (4r^ - '^ip)~^4o'i)^9o - ^g^goCgq(^giq')ug\\2 
> ||aj^> - T(p)-icJ„g||2 > \\dq - T(p)-^cJ„g||2 - £||g||2 

= |c^-T(p)"^c^J||g||2 -^Iklb- 

Since d G spec(a^^"') and £ > were arbitrary, \\ag^^ — '!'{p)~^Cg^^q\\ < 2~'^'^^. 
This also shows that if n > 2 then \ag^^\ — q. Moreover, |1 — t(p)~^|c^^|| < 
ll«Jr-Tb)-^<g|| <2-+i. 

From the equality Sgedc^p = t(p) and the inequalities \Cg\ > r{p){l — 2""'+^) 
we get 

r{p) > ^gsF^l^l' > |F„1r(p)2(l - 2-+l)^ 

showing that < t{p)-^{1 - 2-""+^)-^ < r(p)-i(l + 2-""+^). 

The sequence of sets follows decreasing in n by the definition of and by the 
fact that the sequence q^ is decreasing. Also, by the Cauchy- Schwartz inequality 
we have \c'^\ = |r(u°u*)| < ||w°||2||%p||2 = r{p). Q.E.D. 

Proof of 5.2 in case p = 1, ctq weakly mixing. Since p = 1, condition (6.2) becomes: 

(6.4.1) \\qv - qh < 2-"||g||2, Vg G V{Aqr,) 

for some decreasing sequence of non-zero projections in Aw*. By the weak 
mixing property of ctq, there exists a sequence {hm}m £ Gq such that 

(6.4.2) lim T{ao{hmh){v*qnv)v*qnv) = T{qnf,^n >l,he Gq. 

m— >oo 

Note that for h' G Go and n > 1 wc have F^' ^ ^ ^ qnVvP^,v*qn 7^ 44> 
aQ{h'){v*qnV)v*qnV 7^ 0. Let now h E Gq he an arbitrary element and n > 3. 
Taking h' — hm and then h' = hmh in these equivalences, with m large enough, it 
follows by (6.4.2) that ^ 0. By Lemma 6.3 we have jF^™''!, jF^'"] < 

1 + 2--+2 < 3/2. Thus F> = {g}, Fli^^ = {g'}, for some g = g{n,hm),g' = 
g{n,hmh). 
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Moreover, by 6.3 again, there exist unit scalars c, c' e T such that |c — Cg"| < 
2-n+2^ |c' - c^g7^\ < 2-"+2. RecaUing that u^^ = Egc'^^Ug, we get 

IK„-c«.ll^ = |c5"-cr + (i-|cM^) 

Similarly Hu^^ — cwg||| < 2""^+^. Since = w^.iit^^^, by the triangle inequality 
we deduce: 

- W^h-^'^Lh - '^l-^ic'u9')h + hl-'ic'Ug>) - {c-^Ug-i){c'Ug>\\2 

= hln - c'ug'h + IK- - c-'ug-42 < 2^-"+^)/^ 

Since n > 3 can be taken arbitrarily large in these inequalities, independently 
of h E Go, this shows that {u^}h C {aUg | (7 G G, o; e T}. Since {u^}h is a 
representation of the group Gq, there exist a character 7 of Go and an isomorphism 
5 : Go G' C G such that = 'y{h)us(h)-i e Go- 

This proves all but (ii) in 5.2. Proving (ii) amounts to show that under the extra- 
assumption (6.2), A and Aq follow equal. But by (6.2), under the "infinitesimal" 
projections e A, v*qnV e Ao the two algebras "almost" coincide. Since {u^}h is 
contained in {ug}g modulo the scalars and they act ergodically on Ao resp. A, this 
local "almost coincidence" extends to a global "almost coincidence" of A, Aq, which 
due to the arbitrariness of the approximations shows that A = Aq. The full details 
of this argument are carried out in (6.6.1) — (6.6.3), where the case "p arbitrary" 
is covered. 

Q.E.D. 

Proof of 5.2 in the case ctq weakly mixing, a mixing. By 4.4. (i), since a is mixing and 
(Jo weakly mixing, it follows that ctq is mixing as well. Let Sq > be the distance 
from t{p)~^ to the closest integer ^ t{p)~^ and take < £ < £o{l + t{p)~^)~^ /2. 
Since cr is mixing there exists a finite subset E <Z G such that 

(6.5.1) \T{ag{q^)qn) - T{q^f\ < er^q^f, ygeG\E. 

Similarly, since ctq is mixing and ao{h){y) = u^yu^*, \/y E Aq = Ap,h G Go, by 
taking into account that v^q^v G Aq and TMoiv) — T{p)~^'T{y)i Vy G = Ap, it 
follows that there exists Eq C Gq finite such that 

(6.5.2) \T{ulv*qr,vul*v*qnv) - T(p)-V(g„)2| < £T(g„)^ V/i G Go \ Eo. 
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Moreover, since tends weakly to zero as /i — > oo, it follows that we may also 

assume Eq is large enough to ensure 

(6.5.3) |cj| = \t{uIu;)\ < e/\E\,yg e E,V/i e Go \ Eo 

But qnvu\v*qn = Y^gCi^^'^Ug, so using the fact that ||Ega^'"'tic,[|2 = S^rda^'"!) 
and ||Qn'i^w^'i^*Qn||2 — T{'>J'1v*qnVu1*v*qnv), by (6.5.2) it follows that 

(6.5.4) |S,T(|aJ'-|) - T{p)-'T{qnf\ < ST{qn)^yh E Go \ Eo- 

On the other hand, by Lemma 6.3, for each a^'"' / we have rdog'"^!) = r(crg(q'„)g„).| 
Thus, since there are |F^|-many such non-zero elements, by first using (6.5.4) and 
then (6.5.1) we get 

ll^n I - r{p)-'\\T{qr.r = \F:i\T{qr.r - r(p)-V(Qj2| 

< \\Fli\T{qnf - ^gT{ag{qn)qn)\ + eT{qnf 

< {\F!:\ + l)£r(Q^)2 < (r(p)-i + l)sT{q^r < {eo/2)r{q^)\ 

Thus, t{p)~^ is £o/2 close to the integer By the choice of eo; this forces 

t(p)-i = \Fll\. 

We have thus proved that t{p) ^ is an integer and that for each n there exists 
Eq C Go finite such that for all h e Gq \ Eq we have = t{p)^^, while by 
6.3.(u) we also have \t{p) - IcJH < 2-"+V(p), e F^. Define G = {{ugjn \ 9n e 
G} C U{M'^) and notice that L{G) is naturally isomorphic to the von Neumann 
subalgebra of M'^ generated by G. Apply Lemma 5.3 to the set W of unitary 
elements in pL{G)p which have Fourier expansion with r(p)~^ non-zero coefficients, 
all of same absolute value T{p). From the above remarks it follows that if {/in}n C 
Go satisfies hn ^ oo then the class of (tt^ )„ in lies in W. Since for all h E Gq 
we have hhn — > oo as well, it follows that {u^f^ )„ G >V, E Gq. But by 5.3 W is 
a group, so the constant sequence m° = {u^h„)n{u^^)n fi^s in W, V/j. e Gq. 

We have thus shown that the Fourier expansion of has exactly t{p)~^ ele- 
ments, all of absolute value = r(p), Wh G Gq. Thus, if we take u = p then (z), (Hi) of 
5.2 are consequences of Lemma 5.3. In other words, there exist a subgroup G' C G, 
with a normal subgroup K <Z G' with r{p)~^ elements and an Ad (G') -invariant 
character k of such that p = T,ki^{k)uk and {u^h = {ugP \ g G G'}, modulo 
scalars. 
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In particular, this implies that p is a Jones projection for the inclusion C A, 
i.e. pap = Ej^K{a)p,ya e A, and there exists a projection po & A of trace t{po) = 
t(p) satisfying ppop = T{p)p, A^po = ApQ. 

To finish the proof of 5.2 we still need to show that Aq = A^p = pAp. To this end 
note that (6.2) implies the following "approximation" of the equality AQ{v*qv) = 
A^q'p in (5.4.1): 

(6.6.1) \\v*qv - T{p)-^pqp\\2 < 2-"+i||g||2, Vg G r{Aqn). 

Moreover, since in particular pqnP is 2 ""^"'"■^ -close to a r(p)-multiple of a pro- 
jection, for n large enough it follows that pqp must be equal to r{p)q' where 
q' = T{p)~^Ej^K{q) is a projection in A^ ^ Vg e V{Aqn). Thus, with the above 
notations we may assume g^ < po and 

(6.6.1') \\v*qv - q'ph < 2""+^ ||g||2, Vg G P(Ag^). 

Let = {{ci, hi)}i(^i C V{Aqn) x Go be a maximal family (with respect to 
inclusion) with the property that Ws{hi)i^i)}i, resp. {(Jo{hi){v*eiv)}i, are mutually 
orthogonal. If /o = T,iao{hi){v*eiv) ^ p (equivalently / = Ei<j5(/j.)(e-) ^ 1), then 
by the ergodicity of ctq there exists 7^ eo G V{Aqn) C A^po and h E Gq such 
that ao{h){v*eov) < p — fo- By the maximality of the family J^, it follows that 
C(5(/i)(eo)/ 7^ 0. By shrinking cq if necessary, we may thus assume cT^(ft)(eo) < 
'^5{hi){^i) foi" some i E I. Thus, there exists < in V{Aqn) such that 

(6.6.2) cr5(/ii)(^i) = crs{h){eo),cro{h){v*eov)ao{hi){v*e°iV) = 0. 

But since for a G A^ , oq G we have cr5(h){0')p = '^S{h){0'P)'^s{h) ~ '^ft^'^^ft* 
cro{h){ao) = •u°aow°* = us{h)aouli^^y by (6.2) we get 

(6.6.3) \\aoih')iv*qv) - as^h'){q)h < 2-"+\ Vg G V{Aqn),W G Go- 
From (6.6.2) and (6.6.3) we finally get: 

2'/'||eo||2 = \\ao{h){v*eov) - ao{h,){v*e^,v)\\2 
< \\ao{h){v*eov) - as^h){eo)\\2 + hsihi){ei) - (^o{hi){v*eiV)\\2 

which for n > 2 gives a contradiction. The maximal family T must therefore 
satisfy Sja"o(/ii)(f *eiv) = p, ^^^^(/^.^(e^) = 1. Since by (6.2) we have ||f *ei — ej||2 < 
2-"||ei||2, if we define V = ^iul.eivul* then clearly V*V = VV* = p, V*{A^p)V = 
Aq and 

\\V-p\\l = E,|Ke,^<: -<e,<:||i < E,2-"||e,||i = 2^. 
But since n was arbitrary, this shows that A^p = ^o- 

Q.E.D. 
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7. Strong rigidity results 

The results we prove in this section will typically assume a "weak equivalence" 
between two free ergodic m.p. actions a : G ^ Aut(Xo, /xq), cr : G ^ Aut(X, /x) sat- 
isfying certain conditions and will derive from that a much "stronger equivalence" . 
There are two types of "weak equivalence" assumptions that we will consider: 

Von Neumann equivalence (abbreviated vNE) of two actions cro,a" is an iso- 
morphism of the group measure space factors Mq = L°°(Xo,/Uo) Xctq ^o, M = 
jji) >i„ G associated with a"o, o". Most often we'll in fact consider its "stabi- 
lized version" , i.e. isomorphism of some "corners" of these factors. 

Orhit equivalence (abbreviated OE) of ctq, cr, is an isomorphism Aq of the prob- 
ability spaces (Xo, hq), {X, jj) that takes the equivalence relation 7^o-(, given by the 
orbits of ctq onto the eqviivalence relation TZu given by the orbits of o", almost ev- 
erywhere. More generally we consider its "stabilized version" , i.e. an isomorphism 
Ao : {Xq, Ho) ~ (y, //y), for some Y C X with ij.{Y) ^ 0, that takes TZ^o ^^^^ the 
equivalence relation TZ^ on (Y, fiy) given by the intersection of the orbits of a with 
the set Y. 

Note that by ([Dy], [FM]) an isomorphism Aq : (Xq, /Uq) — {Y, fxy) extends 
to an algebra isomorphism 6q : Mq ~ pMp, where p = xy, if and only if it 
takes onto each other the equivalence relations TZao^'^aj ^ (stable) 

OE. Furthermore, an isomorphism 9 : Mq ~ pMp comes from a (stable) OE iff 
it takes the subalgebra of coefficients L°°{Xq, hq), L°°{X,n)p (also called Cartan 
subalgebras) onto each other. Thus, OE =^ vNE and any OE of actions can be 
viewed as a special type of vNE of the actions. Altogether, OE ergodic theory, 
which is the study of actions of groups up to orbit equivalence, is the same as the 
study of Cartan subalgebra inclusions L°°(X, /x) C L°°(X, ^) >\a- G underlying the 
group measure space construction. 

Conjugacy of actions is the typical "stronger equivalence" that we'll derive for 
(70,0". This means an isomorphism of probability spaces A : (Xq, /Uq) — (X^fx) 
satisfying {A~^agA}g^G = Wo{h)}heGo- In other words, a{S{h))A = Aao{h), 
V/i e Go, for some isomorphism of groups 5 : Gq — G^- Note that if A, 5 give 
a conjugacy of o^o,a^, then they implement an isomorphism of the corresponding 
group measure space IIi factors 9^'^ : L°°(Xo,//o) xio-o Go — L°°{X,iJ,) x^- G by 

In one of the results though (Theorem 7.6), from vNE we'll merely derive OE, 
with only certain "parts" of {ao, Go), (c, G) conjugate onto each other. 

The conditions ctq, cr must satisfy are as follows: The "source" action (do, Go) 
has to contain a sufficiently large subgroup satisfying the relative property (T) (of 
Kazhdan-Margulis [Ma]). The "target" action (cr, G) needs to have good deforma- 
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tion properties (malleability), examples of which are the Bernoulli G-actions. The 
precise definitions and notations, also used in ([Po4]), are as follows: 

7.0.1. Definition. A group Gq is w-rigid, if it contains an infinite normal subgroup 
Hq C Go with the relative property (T) of Kazhdan-Margulis ([Ma]; see also [dHV]). 

7.0.2. Definition ([Po6]). An infinite subgroup A of a group T is weakly quasi 
normal (wq-normat) in T if for any intermediate subgroup A (Z H <^T there exists 
g E T \ H such that gHg~^ fl H infinite. Note that A is wq-normal in F if and 
only if there exists an ordinal t and a well ordered family of intermediate subgroups 
A = Hq C Hi G ... G Hj <Z ... <Z — r such that for each j < ^, -Hj+i is the group 
generated by the elements g E T with gHjg~^ fl Hj infinite and such that if j < z 
has no "predecessor" then Hj = U„<jiy„ (see [Po6]). It is easy to see that there 
exists a largest group A G H' G T such that A is wq-normal in H', which we will 
call the wq-normalizer of A in F. 

If A = Hq G Hi G ... G Hn = F are all normal inclusions, and A is infinite, 
then A C F is wq-normal. An inclusion of the form A C (A * Kq) x Ki, with A, Ki 
infinite Kq arbitrary, is also wq-normal but cannot be realized as a sequence of 
consecutive normal inclusions. 

7.0.3. Notation. We denote by wTq the class of groups Gq that contain an infinite, 
non- virtually abelian subgroup H satisfying: H G Gq has the relative property (T); 
H is wq-normal in Gq. 

7.0.4- Notation. We denote by wTi the class of groups Go that have a w-rigid, 
wq-normal subgroup H G Gq such that {hgh~^ \ h G H} is infinite G Gq,^ ^ e. 
Note that if Gq is itself w-rigid ICC then Gq G wTi. 

Note that all groups in wTi are ICC (by the definition), while groups in wTq 
are not required to be ICC. The class wTq is clearly closed under normal and finite 
index extensions. It is also closed to inductive limits. All infinite property (T) 
groups ([Ka]) are both w-rigid and in the class wTq, and so are all groups of the 
form T X K with F infinite property (T) group and K arbitrary. Also, if F G wTq 
then (F * Kq) x Ki E wTq, \/Ko arbitrary Ki infinite. The groups G = xi F, 
with F C 5'L(2, Z) non amenable are w-rigid (cf. [Ka], [Ma], [Bu]), and so are all 
the arithmetic groups in ([Va], [Fe]). However, these groups are not in the class 
wTq because in each of these cases the relatively rigid subgroup (Z^, for some N) 
is abelian. 

7.0.5. Definition. An action cr of G on ^ ~ L°°{X,iJ,) is malleable (1.5 in [Po4]) 
if there exists a continuous action o; : M — > AvLt{A<^A) that commutes with the 
"double" action ag <Si o-g,g E G, and "fiips" at some point A<Si I onto 1 (g) ^. It is 
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s-malleable if there also exists /? e Aut(A®A) leaving A = A<^1 pointwise fixed and 
satisfying = id, Pat = a-tP, Vt. Also, a is sub malleable (resp. sub s-malleable) 
if it can be appropriately extended to a malleable (resp. s-malleable) action. For 
the precise definitions see (1.5 and 4.2 in [Po4]). 

Given an arbitrary infinite discrete group G, an example of an action a of G that 
is both sub s- malleable and clustering is the (left) Bernoulli shift action with "base 
space" {Yq, uq) {Yq ^ single point). Recall that such a acts on (X, /x) = Ilg{Yo, i'o)g 
by ah{{xg)g) = ix'g)g, where x'g = x^-ig, ^h, g e G. Recall also that a generalized 
Bernoulli shift action o" of G is defined as follows: Let S be an infinite countable 
set and tt a faithful action of G on S; let {X, /i) — IIs{Yq, z/o)s and define the action 
a of G on (X,//) by ah{{xs)s) = {x's)s, where x'^ = e G, s e S. All 

generalized Bernoulli shift actions are sub s-malleable. They are mixing iflF for any 
finite subset Sq (Z S there exists F (Z G finite such that 7r{g)SonSo = 0,^9 e G\F. 
This condition is easily seen to also imply a is clustering. 

To state the results, let us also recall that if 7 is a character of G then it defines 
an automorphism 6''*' of M = L°°(X, (u) x^- G by 9{T,gagUg) — 'Egj{g)agUg, which 
is outer whenever 7 is non-trivial (see e.g. [T]). 

7.1. Theorem (vNE Strong Rigidity). Let a : G ^ Aut(X, ^u), ctq : Go ^ 

Aut(Xo, /xo) be free, ergodic actions of countable discrete groups G, Gq on stan- 
dard probability spaces {X^jj), {Xo,fi). Denote M = L°°{X,iJ,) x^- G, Mq = 
L°°{Xq, Ho) xio-o Gq. Assume: 

(a). G is ICC; a is sub malleable clustering, e.g. a is a Bernoulli G-action; 

(6). Go w-rigid ICC More generally, Gq has a w-rigid, wq-normal subgroup 
H <Z Gq such that {hgh~^ \ h e Go} infinite We g & Gq and cq^h ergodic. (Note 
that Gq G wTi.) 

If 9 : Mq ~ pMp is an isomorphism, for some projection p G M , then p = 1 and 
there exist a character ^ of G and isomorphisms 5 : Go — G, A : (Xq, A*o) — {X, ji) 
satisfying a{5{h))A = AaQ{h), Wh G Go, such that 9 = Ad(tt) o 9'^ o 9^'^ for some 
unitary u & M. 

Proof Note first that if C Go is as in condition (6) then L{Hy D Mq = C. 
This is because the condition {hgh~^ | h G Go} infinite \/e ^ g E Gq implies 
L{H)' n Mq C L°°(Xo, /Uo) and since H acts ergodically on Xq this further implies 
L{H)' n Mo C (L-(Xo, ;Uo))^ = C. 

We may clearly assume p G L{G). By (5.3 in [Po4]), there exists a unitary 
u\ G pMp such that ui9{L{Gq))u\ C pL{G)p. We may thus assume, for simplicity 
of notations, that Mq — pMp with pL{G)p D L{Gq). This allows us to apply 
Theorem 5.1. Since G ICC implies G has no non-trivial finite normal subgroups. 
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it follows by 5.1 that p = 1 and there exists a unitary element U2 £ L{G) such 
that Ad{u2){u^) = ^{5{h))us(h)i for some character 7 of G and an isomorphism of 
groups 5 : Go — But this is equivalent to the required conclusions. Q.E.D. 

7.1'. Theorem. With the same notations as in 7.1, if we assume: 

(a) . G is ICC; a is sub s-malleable clustering, e.g. a is a Bernoulli G-action; 

(b) . Go e w%. 

then the same conclusion as in 7.1 holds true for any isomorphism 9 : Mq ~ pMp. 

Proof. The proof is exactly the same as for 7.1, but using (5.3' in [Po4]) instead of 
(5.3 in [Po4]). Q.E.D. 

Taking in 7.1 (resp. 7.1') both groups Go,G in wTi (resp. in wTq) and both 
actions ctq, a to be Bernoulli shifts, we get a 1 to 1 functor G 1— > L°°{X, ji) x^G = M 
from the class wTq U wTi (with group isomorphisms) to IIi factors (with algebra 

isomorphisms). Moreover, the same is true for the associated IIqo factors M°° =^ 
M®B(£2(N)). 

7.2. Corollary. LetGi e wTqUwTi (e.g. w-rigid ICC) andai : Gi — > Aut(Xi,//j) 
be Bernoulli shift actions, i = 0, 1. Then the IIi factors Mi = L°°{Xi, fii) Xo-^ Gi 
(resp. IIoo factors M°°), z = 0, 1, are isomorphic if and only if the groups Gi are 
isomorphic and the actions ai are conjugate, i = 0, 1. Even more so, if 6 : Mq° ~ 
, then 9 is the amplification of an isomorphism 9q : Mq ~ Mi of the form 
9o = Ad{u) o9^ o 9^'^, for some u e U{Mi), 7 e Char(Gi) and 5 : Go ~ Gi, 
A : (Xo,//o) — satisfying ai{5{h))A = Aao{h), \/h e Gq. 

For a Bernoulli shift action a of an ICC group G, L°^{X, /j,) G can be viewed 
as the canonical "group measure space factor" -version of the "group factor" L{G). 
Thus, Corollary 7.2 above can be regarded as an affirmative answer to a natural 
"relative variant" of Connes' rigidity conjecture ([C2]), stating that any isomor- 
phism between factors arising from ICC property (T) groups ought to come from 
an isomorphism of the groups. Note though that this "relative variant" holds true 
in a generality which, of course, fails to be true for group algebras L{G). For in- 
stance given ANY ICC group K (even K amenable !) the group G = SL{S, Z) x K 
is w-rigid, so the factors L°°{X, fi) xi G are non-isomorphic for non-isomorphic K, 
by 7.2, while the corresponding group factors L{G) are mutually isomorphic if K 
are taken amenable. 

To state the next consequence, we need to recall some simple general facts about 
automorphism groups associated with actions, equivalence relations and von Neu- 
mann algebras. 
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One denotes by Aut(7^(^) the group of automorphisms of {X, jj) that preserve the 
orbits of a and by Inn(7?.o-) the subgroup of automorphism whose graph belongs to 
TZa- Equivalently, a G Inn(7^(j) iff there exists u in the normahzer oi A = L°^{X, fi) 
in M such that a = Ad{u)\A- Note that Aut(7^cr) is the normahzer of Inn(7?.o-) in 
A\it{X,n). We let Out(7^^) = Aut(7^a)/Int(7^a), 

We denote by Aut((j, G) the group of automorphisms A e Aut(X, //) for which 
there exists an (necessarily unique) automorphism 6 = 5{A) of G such that Acr^A"^ =| 
(^S{g)j^9- A particularly important subgroup of Aut(a, G) is the commutant of a{G) 
in Aut(X, i.e. the group of automorphisms A G Aut((T, G) for which 6{A) = ido- 
We denote this subgroup by Auto(a", G). It is clearly normal in Aut(a", G). 

It is not hard to see that if A G Aut((T, G) then A belongs to Inn(7^o-) if and only 
if A = cTg for some g E G (see e.g. [MoSo] or [Fu3]). Thus, the image of Aut(cr, G) 

in Out(7?.cr) coincides with the quotient Out(cr, G) =^ Aut(cr, G)/a{G). 

Note that if G is ICC then Auto (cr, G) is isomorphic to its image in Aut(cr, G)/a"(G)| 
and thus to its image in Out(7^(j) as well. Note also that if a is a Bernoulli shift 
then there is a canonical group embedding Aut(G) 9 5 i— > A^ G Aut(a", G) given 
by /S.s{{xg)g) — {x'g)g, where x'g — x§-i(^g^,\/g G G. Thus, one has the split exact 
sequence 

1 ^ Auto(c7,G') ^ Aut((7,G')) ^ Aut(c7,G'))/Auto(f7,G') = Aut(G') ^ 1 
which in case G is ICC gives the split exact sequence: 

1 ^ Auto((T, G) Aut((7, G))/aiG) Out(G) ^ 1 

Finally, note that if we put M = L°°(X, fi) xio-G and denote as usual Out(M) = 
Aut(M)/Int(M), then we have a natural embedding Aut(7^cr) C Aut(M) whose 
image in Out(M) is Out(7^CT)- Another remarkable subgroup of Aut(M) related 
to the action a is the group {6''^ | 7 G Char(G')} ~ Char(G'), with G Aut(M) 
as defined at the beginning of this section. This group is isomorphic to its image 
in Out(M) and it is normalized by the image of Aut((T, G) in Aut(M), with their 
intersection being trivial. 

With these remarks in mind, and denoting as before M°° — M®i3(£^(N)) the 
type IIoo factor associated with M, Corollary 7.2 trivially implies: 

7.3. Corollary. With the above notations, assume G G wTq U wTi ( e.g. G w- 
rigid ICC) and a : G ^ Aut(X, //) is a Bernoulli G-action. Then Out(M°°) = 
Out(M) = Auto(cT,G) X (Char(G) x Out(G)). In particular, ^{M) = {1}. Also, 
Out(7^^) = Auto(cT,G) X Out(G) and ^{U^) = {1}. 



STRONG RIGIDITY OF FACTORS, II 



39 



The above corollary reduces the calculation of the outer automorphism group 
Out(M) of III factors M = L°°{X,iJ,) >iaG (resp. equivalence relations TZ^) with 
G ICC group in the class wTqUwTi (e.g. for G w-rigid ICC group) and a Bernoulli 
shift of base (lo,A*o), to the calculation of the commutant Auto(cr, G) = {9 E 
Aut(X, //) I 9ag = ag9,\/g e G} of the left Bernoulli shift a. We conjecture that 
any 9 commuting with a must be of the form 9 = 9q9i with 6*0 a right shift by 
some element of the group G and 9i a product type action 9i = Ilpap, where 
ag = a, \/g, for some a G Aut(Yo)A*o)- Note that if this would be the case, 
then Auto(cr, G) ~ G x Aut(Yo, A*o), so by 7.3 it would follow that Out(M) = G x 
Aut(Fo, A*o) X (Char(G) x Out(G)) and Out(7^^) = G x Aut(Fo, A*o) x Out(G). Such 
a calculation can be shown to imply that two Bernoulli shift actions ctq, cti of ICC 
groups Go, Gi e wTqUwTi with base space {Yq, i/q), {Yi,ui) give rise to isomorphic 
III group measure space factors Mq, Mi iff Go — Gi and (Iq, 1^0) ~ (Yi, 1^1). 

The "weak-normality" assumptions on the relatively rigid subgroup of Gq in 
7.1.(b), 7.1 '.(b) allowed us to obtain plain conjugacy of actions from von Neumann 
isomorphism (vNE). Using the full generality of the Cartan Conjugacy Criteria in 
Section 4, one can still obtain significant information (notably OE equivalence from 
vNE equivalence) even if we drop such weak normality assumption: 

7.4. Theorem (vNE/OE Strong Rigidity). Let a : G ^ Aut(X, //), cto : Gq ^ 
Aut(Xo, /Uq) be free ergodic m.p. actions. Denote A = L°°{X, /j,), Aq = L°°{Xo, fxo), 
M — A xifj G, Mq = Aq Xiao Go- Assume: 

(0) . G is ICC; a is sub s-malleable clustering, e.g. a Bernoulli G-action. 

ih). Go has a non virtually abelian subgroup H <Z Gq with the relative property 
(T). 

If 9 : Mq ~ pMp is an isomorphism, for some projection p e M, then t{p)~^ is 
an integer and there exists a partial isometry v e pMp such that 

(1) . v*v = p, vv* e A, v9{Aq)v* = Aw*. 

(a). If Gq C Gq is the wq-normalizer of H in Gq, then there exists G' G G and 
K < G' , \K\ = t(j>)~^ , such that Kdiv) o9 conjugates {(Jq)\g[^ onto the action a' of 
G' /K on A^ ^ {a E A \ ak{a) ^ a^k e K} given by a'{g') = ((7g/)|^K, V^r' e G' . 

Proof Like in the proofs of 7.1, 7.1', by ([Po4]) we may assume p e LiG) and 
9{L{G'q)) C pL{G)p. By Theorem 4.2 it follows that 9{Aq) is unitary conjugate to 
ApQ for some projection po E A with t{pq) — t{p). But then 5.2 applies to get the 
conclusion. Q.E.D. 

The first result deriving OE (equivalently, Cartan conjugacy) from vNE, i.e. 
from the isomorphism of the group measure space factors, was obtained in ([Po2]): 
It is shown there that if Mq = M{TZq), M = M.{Tl) for some equivalence relations 



40 



SORIN POPA 



TZq, TZ, with TZq having the relative property (T) (as defined in 5.10.1 in [Po2]) and 
TZ having the Haagerup property (as considered in 2.1 and 3.5.6 of [Po2]) then any 
isomorphism 9 : Mq ~ M is an inner perturbation of an isomorphism coming from 
OE. Once such a "vNE/OE Strong Rigidity" is proved, one can take advantage 
of results on OE Ergodic Theory to derive results about the IIi factors involved. 
Thus, in ([Po2]) one uses Gaboriau's £^-Betti numbers for equivalence relations to 
derive invariants for the corresponding group measure space factors, (called the 
class HT) . 

Similarly, one can use 7.4 in combination with ([Ga2]), or with the Monod- 
Shalom OE Strong Rigidity results in ([MoSh]), to obtain calculation of fundamen- 
tal groups and non-isomorphism of IIi group measure space factors that are not 
covered by Theorem 7.1. For instance, one can apply 7.4 to the case Go,G are 
products of two or more groups of the form H * K with H, K torsion free and H 
Kazhdan, to get OE from vNE, then apply ([MoSh]) to further get conjugacy from 
OE, and the triviality of the fundamental group. Along these lines, we mention 
a consequence of 7.4 which derives the triviality of fundamental group of certain 
factors without using OE rigidity results from ([Ga2], [MoSh]): 

7.5. Corollary. // G is an ICC group having a non virtually abelian subgroup 
with the relative property (T) (e.g. G = H * K for some infinite Kazhdan group 
H and K ^ 1, or a product of such groups) and a is a Bernoulli G-action, then 

the fundamental group of the corresponding group measure space factor M satisfies 
^{M) n [1, oo) c N. // in addition G is torsion free (e.g. G = H * K with H 
Kazhdan and H, K torsion free) then ^(M) = {1}. 

Since any OE of actions entails an isomorphism of the associated group measure 
space factors. Theorems 7.1, 7.1' trivially imply OE rigidity results for actions a, (Tq 
satisfying conditions (a), (6) of either 7.1 or 7.1'. But in fact we can do slightly 
better than that: Since an isomorphism of group measure space factors that comes 
from an OE isomorphism of probability spaces takes Cartan subalgebras onto each 
other, we can use 5.2 (which only requires mixing conditions on the actions) rather 
than 5.1 (which is what we used in the proofs of 7.1, 7.1', and which required the 
clustering condition on a). This allows us to replace the condition "o" clustering" 
by the weaker condition "o" mixing" . 

7.6. Theorem (OE Strong Rigidity). Let a : G ^ Aut(X,//), (Jq : Gq ^ 

Aut(Xo,/io) he free ergodic m. p. actions. Assume: 

(a) . G is ICC; a is sub s-malleable and mixing (e.g. a Bernoulli G-action). 

(b) . Either Go e wTq; or ((To,Go) satisfies 7.1.(6) (e.g., Gq w-rigid ICC) 
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If Y (Z X is a subset of positive measure and Aq : {Xq, hq) ~ {Y, hy) satisfies 
Ao(7?.cro) = "^CT then Y = X, the groups Gq, G are isomorphic and the actions ctq, c 

are conjugate with respect to that isomorphism of groups. More precisely, there 
exist a G Inn(7^o-), 5 : Gq — G^? A : (Xo,/Uo) — {X,n) satisfying a{S{h)){A{x)) = 
A{ao{h){x)), Wh G Gq, x G Xq, such that Aq — a o A. 

Proof. With the usual notation Mq,M for the associated group measure space 
factors, the isomorphism Aq implements an isomorphism 9 : Mq ^ pMp satisfying 
9{Ao) = Ap, where p = xy- Since L{G) is diffuse (because G is infinite), p can be 
unitary conjugate to a projection in L{G). Equivalently, after identifying Mq with 
^(Mo), we may assume Mq = pMp for some projection p G L{G). By applying 
(5.3 in [Po4]), in the case ((To,Go) satisfies 7.1.(6), and respectively (5.3' in [Po4]) 
in the case Gq G wTi^, it follows that we may also assume L{Gq) C pL{G)p. Thus, 
assumptions (a) and (c) of 5.2 are satisfied. Since G is ICC and Mq = pMp, all 
the conditions required in the last part of 5.2 are checked and the corresponding 
conclusion in 5.2 trivially implies the statement. Q.E.D. 

Following ([MoSh]), to have an "OE superrigidity"-type result one needs all 
conditions on just one side. Theorem 7.6, which has the conditions on the group 
(either w-rigid ICC or in the class wTq) on the "source" side and the conditions on 
the action (Bernoulli) on the "target" side, doesn't quite fulfill this requirement. 
By strengthening the condition on the group though, we can obtain this kind of 
result as well: 

7.7. Theorem (OE Superrigidity). Let G he an ICC property (T) group and 
a : G ^ Aut{X, n) a Bernoulli G -action (more generally, a sub s-malleable, mixing 
action). Let Gq be any group and aQ : Gq ^ Aut(Xo,//o) any free m.p. action of 
Gq. If Aq : (Xq, hq) ~ {Y, fi^y) Satisfies Ao(7^o-q) = , for some subset Y G X, 
then Y = X {modulo null sets), the groups Gq,G are isom,orphic and the actions 
ao, 0" are conjugate with respect to that isomorphism of groups. More precisely, there 
exist a G ImiiTZu), 5 : Gq — G such that A — a o Aq satisfies a{5{h))A — A(Jo(/i), 
yh G Go. 

Proof By either (4.1.7, 4.1.9 in [Po8]) or (1.4 in [Fu2]), if Tl^^ ~ and G 
has property (T) then Go has property (T). But then we can apply 7.5 and the 
statement follows. Q.E.D. 

Note that the class of groups and actions covered by the OE rigidity results 
7.6 and 7.7 is quite different from the ones in ([Ful], [MoSh]). However, some 
intersection occurs with ([MoSh]). For instance, if we take Go = Fi x ... x r„ with 
n > 2, each Fj either a free product of torsion free groups or a non-elementary 
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Gromov-hyperbolic group with the property (T), at least one being of this latter 
class, then each Fj is in the class C of Monod-Shalom while Go is weakly rigid. Thus, 
if the action (Tq of Fi x ... x r„ is assumed irreducible, in the sense of ([MoSh]), and 
(7 is Bernoulli with G ICC, then the corresponding OE rigidity result is covered by 
both 7.5 above and (1.9 in [MoSh]). On the other hand, we were not able to check 
Furman's condition for Bernoulli shift actions a of higher rank lattices F C ^, i.e. 
to show whether (cr, G; X) has no quotients of the form ^/A, with A a lattice in 
Q. If this would be true (which is what we expect), then (Theorem A in [Ful]) 
would imply: Let G be an ICC higher rank lattice and a Bernoulli G-action. If 
TV^ ~ TZcTQ for some Y (Z X and some free ergodic m.p. action (do. Go), then G, Gq 
are "virtually isomorphic" groups and cr, uo "virtually conjugate" actions. 

Our next result gives a Galois type correspondence for the w-rigid ICC sub- 
equivalence relations of an equivalence relation implemented by a Bernoulli shift. 
The result can also be viewed as a OE Strong Rigidity result for embeddings of 
equivalence relations. 

7.7. Theorem (OE Strong Rigidity for Embeddings. Let a : G ^ Aut(X, jj) 
he a Bernoulli G-action (or more generally a sub s-malleable mixing m.p. action) 
of an ICC group G. If ao : Gq — > Aut(Xo,//o) is a free ergodic m.p. action of 
a group Gq which is either w-rigid ICC or in the class wTq and Aq : (Xq, /Uq) ~ 
(X, (u) satisfies Ao(7^o-o) C IZ^ then there exists an isomorphism 5 : Gq ~ G' C G 
and a e Inn(7^cr) such that a o Ao o ao{h) — a{S{h)), \/h e Go- Thus, there 
is a 1 to 1 correspondence between the sub-equivalence relations of TZ^j that are 
implementable by free ergodic actions of w-rigid ICC groups (resp. groups in wTq), 
modulo conjugacy by automorphisms in Inn(7?.o-), and the w-rigid ICC subgroups of 
G (resp. the wTq subgroups of G), modulo conjugacy by elements in G. 

Proof. We may assume 1Z(J^^ C TZ^, i.e. we can select unitarics {u^}h,^Go 
normalizer of A = L°°(X, /i) in M = L°°{X, n) xi^ G such that Gq 3 h ^ o-o{h) = 
Ad(zi^) e Aut(X, n),Vh e Gq. Since A C M = M{Ti„) has vanishing 2-cohomology 
in the sense of ([FM]), it follows that for any sub-equivalence TZ C TZa the Cartan 
inclusion A C M{TZ) has vanishing 2-cocycle. Thus, by perturbing if necessary 
each by a unitary element in U{A) wc may assume {vP^^heGo are the canonical 
unitaries generating L(Go). If Gq is w-rigid ICC then by (5.3 in [Po4]) there exists 
a unitary element -u in M such that uL{Gq)u*' C L{G). Since a is clustering, by 
Lemma 4.5 it follows that ctq is mixing, thus Theorem 5.2 can be applied to conclude 
that there exists u e U{M) such that u{{u1}h)u* C T{ug}g and uAu* = A. The 
proof of the case Go e wTq is similar, using (5.3' in [Po4]). Q.E.D. 

In (part (1) of Theorem D in [Ful]), Alex Furman proved that the restrictions to 
subsets Y of irrational measure of the equivalence relation TZ^r given by a classical 
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action a of an arithmetic Kazhdan group, such as SL{n,Z) on T"^, n > 3, cannot 
be implemented by a free action of a group. We end by noticing that Theorem 
7.7 provides a new class of examples of this situation, without restrictions on the 
measure of the subsets. Note however that (Thm. D(3) in [Ful]) also provides 
examples of equivalence relations TZ with the property that no amplification 7^*, t > 
can be implemented by a free action of a group, a situation which we cannot realize 
here (see however Remark 5.6.2 in [Po4]) ! 

7.8. Corollary. Let a : G ^ Aut(X, /x) be a Bernoulli shift action (or more 
generally a free, sub s-malleable, mixing m.p. action) of an ICC property (T) group 
G. IfYcX has measure 7^ fJ^iY) < 1 then IZ^ (the restriction of the equivalence 
relation TZa to Y) cannot be realized as orbits of a free action of a group. 
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